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PREFACE 


This book has been planned and written for two purposes: for 
use as a class textbook, and for study and self-instruction without 
a teacher. There are very few independent self-contained books on 
spherical trigonometry now available, most treatments of the sub- 
ject being contained in sketchy and supplementary chapters of 
books on plane trigonometry or in equally incomplete introductory 
chapters of scientific books which demand a knowledge of spherical 
trigonometry. In order to achieve this dual purpose, the book 
avoids both the sketchiness of these usual presentations and the 
detail of the complete theoretical treatise. 

The book may be studied as a sequel to the author’s “Textbook 
of 'rrlgonometry” (plane) or any similar text, and also as an auxil- 
iary or sec[ucl to the shorter book on plane trigonometry in the 
author’s series on “Mathematics for Self Study.” It should be 
suitable for use in short courses given in summer sessions or eve- 
ning sessions in colleges and universities, and also in courses given 
to students preparing for service or promotion in the na\ al and 
merchant marine services. 

'I'he introductory chapter sets forth the relation of spherical 
trigonometry to geometry and to plane trigonometry, indicates 
the background of previous training which the reader will require, 
and summari/es some of the fundamental definitions and proper- 
ties of the trigonometric functions and of plane triangles which will 
be needed in the later chapters. If the lK>ok is u.sed as a class text 
by properly prepared students the teacher may omit most of this 
chapter and use it only for reference as occasion requires. If the 
student requires a review of plane trigonometry or if he is studying 
without the aid of a teacher he may find a careful reading of this 
chapter to be useful as a review and introduction. 
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The second chapter presents a summary of certain results from 
elementary solid geometry and certain useful and important prop- 
erties of the sphere and spherical triangles as a preparation for the 
detailed study of the third chapter. Chapter three then presents 
a unified and systematic development of all the necessary proper- 
ties and formulas of spherical triangles in a manner which brings 
out the significant relations between them, reveals the continuity 
and connections of the entire subject, and reduces the time and 
space necessary for mastering the principles of the subject. This 
is in contrast to the piecemeal and disjointed development of the 
formulas as isolated results frequently given in parts at places 
where they are supposed to be first required. The author’s teaching 
experience indicates that students get a better understanding of 
such relations and principles when they are presented as a unified 
complete sequence and as a natural development of the geometry 
of the sphere. The equations and formulas are then taken up in 
turn and adapted to numerical computation for the various cases 
of triangle solution in the next two chapters. Applications and the 
solution of a few illustrative technical problems are presented in 
the last chapter. In all numerical work care has been used to give 
simple and concise computation forms which have been found to be 
easily understood and reproduced by students. The use of co- 
logarithms has been avoided for two reasons: students of ele- 
mentary mathematics rarely have been taught their use and under- 
standing, and since a subtraction must be made in their use in any 
case it is better made in written form than by an attempted mental 
operation and recording. 

The purely formal algebraic derivations and the adaptations 
for numerical computation are given in full detail but the explana- 
tions and interpretations are made as direct and concise as possible. 
On the other hand the descriptions and explanations of the methods 
of reference and measurement on the terrestrial and celestial 
spheres are made full and informal. As most of the uses and appli- 
cations of spherical trigonometry occur in connection with these 
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two spheres an understanding of their trigonometrical properties 
as expressed in terms of everyday observation is considered as 
being of the greatest importance for any one who has any occasion 
to study spherical trigonometry at all. The descriptions and 
explanations are made in such a way, however, as to require no 
special technical knowledge of any of the various subjects in which 
spherical trigonometry is to be used. Thus the book is made 
equally available and useful to prospective students of geodetic 
surveying, marine or aerial navigation, nautical or field astronomy, 
or general spherical and practical astronomy. 

Besides the very efficient readers of the publisher and the 
printer only the author has read the proofs. The author and pub- 
lisher will be glad to receive notices of any errors or misprints which 
may be discovered by readers. 

J. E. Thompson. 

Brooklyn, N. Y. 

April, 1942. 
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ELEMENTS OF 
SPHERICAL TRIGONOMETRY 


CHAPTER I 

INTRODUCTION 

1. Historical Note. — The word “trigonometry** is derived from 
the Greek words for triangle and measure {rpiycavov^trigonon or 
three-angle; and fi€Tp€Lv=^metreiny to measure). The science of 
trigonometry was originally a branch of geometry and had for its 
object the measSurement of triangles and their angles. It was de- 
veloped in its rudimentary form by the ancient Greeks and me- 
dieval Arabs in their applications of geometry to measurements in 
astronomy. 

The celebrated Greek astronomer Hipparchus of Nicaea (born 
about 160 B.c.) is often referred to as the founder of trigonometry; 
and the Kgyptian Greek astronomer Ptolemy of Alexandria (died 
about 168 A.D.) applied the principles of trigonometry also to ster- 
eographic projection, used in navigation, and wrote a great work 
on trigonometry and astronomy which has been handed down to 
us by the Arabs, who conquered Egypt in 641 a.d., as The Alma- 
gest. The Arabian astronomers and mathematicians extended the 
applications of trigonometry and introduced it into Europe when 
they extended the great Arabian Empire into Spain in the eighth 
century a.d. 

Following the Revival of Learning (the Renaissance) in Europe 
during the thirteenth and fourteenth centuries, trigonometry was 
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hardly separated from the science of astronomy for several hun- 
dred years. It was finally established as a distinct branch of math- 
ematics and developed into its modern form very largely through 
the work of one man, the great and famous Swiss mathematician 
Leonhard Euler (1707-1783), who also was largely responsible for 
the development of the Calculus after its discovery or invention 
by Newton and Leibnitz. 

2. Subject Matter of Trigonometry. — Although originally de- 
voted to the narrow subject of the measurement of triangles in as- 
tronomy, trigonometry has been developed along with the com- 
plete theory and general properties of angles until the measure- 
ment and properties of triangles constitute only a part of the com- 
plete subject. In modern pure and applied mathematics the theory 
of angles is of the highest importance in many places other than in 
measuring triangles. 

Historically, trigonometry was divided into two parts: pla7te 
trigonotnetry^ which dealt with triangles in a plane; and spherical 
trigonometry^ which dealt with triangles formed on the surfaces of 
spheres. In modern times, a third division of the subject has been 
developed: ayialytical trtgonoynehy ^ which deals with the algebraic 
theory of the entire subject. 

The modern science of plane ti'igoyioynetiy includes the general 
definitions and properties of plane angles, angle functions and tri- 
angles, and their uses in elementary plane and solid geometry, 
mechanics, physics, and engineering. The elements of plane trigo- 
nometry are studied in high school or elementary college courses 
and treatments suitable for most ordinary purposes are to be found 
in any good high school text on this subject or in the elementary 
book named at the end of this chapter. 

The subject of analytical trigonometry y together with some more 
advanced parts of plane trigonometry, is treated in any complete 
college textbook on the subject, such as the one mentioned at the 
end of this chapter, and its results are used and applied in all 
higher mathematics. 
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The present book deals with the elementary parts of spherical 
tj'igoyiometry and a few' illustrative applications in a manner suit- 
able for readers who may study later such subjects as mathemati- 
cal geography, geodetical surveying, marine or aerial navigation, 
nautical astronomy, or spherical astronomy. 

3. Prerequisites for the Study of Spherical Trigonometry, — The 
subject matter of spherical trigonometry consists of the properties, 
measurement, and calculation of angles and triangles formed by 
intersecting curved lines drawn in a particular manner on the sur- 
faces of spheres, and the advanced parts of the subject deal with 
the uses and applications of such angles and triangles in the tech- 
nical subjects mentioned above. 

In order to study spherical trigonometry, therefore, the student 
should have a knowledge of plane geometry, some parts of solid 
geometry, plane trigonometry, and elementary algebra, as these 
are usually taught in the high schools. The following chapter of 
this book contains a summary of some of the necessary parts of 
solid geometry and the geometry of the sphere. This summary 
may be enlarged by the teacher or by the student’s reading in 
such books as those mentioned at the end of this chapter. 

For review and reference purposes the remainder of this chap- 
ter presents concise statements of some of the chief definitions and 
formulas of elementary plane trigonometry. 

4. Plane Jiigles and Angle Measure, — A plane angle is the figure 
formed by two straight lines of any lengths which meet at a point 
or are drawn from one point. The two lines are? called the sides 
(or arms) of the angle, and the point of intersection the vertex of 
the angle. The size or magnitude of such an an^e is the amount 
of opening, separation, or spread betNveen its two sides, the sharp- 
ness or bluntness of the “corner” formed at the vertex, and has 
nothing to do with the length of the sides. 

In Fig. 1 the two lines AB^ AC^ EFy EGy meeting at Ay E form 
the angles BACy FEGy with sides ABy ACy EFy £G, and vertices 
Ay E. These lines may be of any length. These angles are desig- 
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nated as LB AC, Z.FEG. The symbol A represents “angles.” 
LFEG in (^) is larger than ABAC in [a). 

If two angles have one side in common, and that side between 
their other two sides, as in Fig. 2, the two angles are said to be ad- 



Fig. 1. 


jacent angles. Thus, in Fig. 2, ABJCy CAD are adjacent angles, 
and so are AFEGj GEH, The angle BAD in {a) with sides ABy 
AD is the sum of the two ABACy CAD. This is written Z BAD — 
LBAC^LCAD. Similarly, in (^), AFEH— /.FEG+/.GKn. 

When the two external (not common) sides of two adjacent 
angles lie in one straight line the two angles are said to be supple- 



(a) (fe) 


Fig. 2. 

mentary. Thus, in Fig. 2(^), EF and £// form the single straight 
line HF and AFEG, GEH are supplementary. Each of two sup- 
plementary angles is the supplement of the other, Ihus, AGEII 
is the supplement of AFEG, and AFEG is the supplement of 
AGEH. The sum, AFEH, is called a straight angle. 

When two lines meet at a point and extend both ways from 
that point as in Fig. 3, they form four angles. The two “opposite” 
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angles are called vertical angles and it is proved in geometry that 
vertical angles are equal to each other. Thus, in Fig. 3(tf), ABACy 
DAE are vertical angles and Z BAC= Z DAE. Also ACADy BAE 
are vertical and Z.CAD=^ Z. BAE. The same is true of the oppo- 
site pairs (verticals) in {b). Thus Z XOY == Z X*OY* and Z YOX^ = 
ZAW'. 

When all four of the angles formed by two intersecting lines are 
equal to one another' the two lines are said to be perpendicular to 




Fig. 3. 

each other and each of the four equal angles is called a right angle. 
Thus in Fig. 7>{b) the line XX is perpendicular to line Y'Yy and 
the four angles are all equal : Z XOY = Z YOX' = Z XOY' = 
Z y'O.Y. Perpendicularity of two lines is indicated by the sign ±. 
Thus A^Y'± YY\ (A single line by itself cannot be perpendicular; 
two are required and each is perpendicular to the other.) 

An angle which is smaller than a right angle is called an acute 
angle, and one which is greater than a right angle but less than 
the sum of two right angles (or a straight angle) is an obtuse angle. 
Thus in Fig. 3(r/) ABACy DAE are acute angles, and ACADy 
BAE are obtuse. 

If the sum of two acute angles is equal to a right angle the two 
angles are said to be complementary and each is the complement or 
co-angle of the other. 
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The definitions given ahcn^c arc taken from elementary geome- 
try. In trigonometry these definitions are extended to apply to 
angles of any magnitude. The angles of Fig. 1 are drawn below 
as Fig. 4. 

Here the lines and .iC are not considered as two lines 
drawn separately from ./ to B (or B to .i) and from A to C (or 
C to but AC IS considered as being rotated from the position 
AB to the position AC about A as a pivot point. The angle BAC 



is then said to be generated by rotation of the line about the ver- 
tex A from its initial position AB t(j its ternmuil position ^/C. 
Similarly in (^), LFEG is generated by the rotation of its generat- 
ing line from EF to EG about the vertex A’. 

The measure of the size or magnitude of an angle is then the 
amou 7 it of rotation about its vertex which is required to generate 
the angle. Thus in Fig. 4 the line EG is rotated farther than the 
line AC and /.FEG is greater than ABAC. 

The two perpendicular lines X'X and Y'Y of Fig. 3(^) are 
called coordmate axes and are the lines used for reference in plotting 
points and drawing graphs in algebra and analytical geometry. 
X^X is called the axis of abscissas and YY the axis of ordinates. 
The point of intersection O is called the coordinate origin. Dis- 
tances or lengths measured on or parallel to X*X from O or YY 
to the right are given the sign plus (+) and CiiWtd positive; to the 
left minus (— ) or negative. Similarly, distances or lengths meas- 
ured on or parallel to YY from O or X^X upward are positive (+); 
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and downward negative ( — ). The axes divide their plane into 
four quadrants. These are numbered I, II, III, IV as in Fig. Z{b) 
and are called respectively the firsts second^ thirds fourth quad- 
rants. 

When an angle is drawn, placed, or imagined as placed on the 
coordinate axes with its vertex at the origin^ its initial side on the 
positive abscissa axis, and its terminal side anywhere in the plane 
of the axes, the angle is said to be in the standard position. Thus 



in Fig. S{a) the AXOA^ XOB are in the standard position. These 
may be thought of as the ABXCy PEG of Fig. 4 placed in the 
standard position. 

If the terminal side of an angle in standard position lies in the 
first quadrant, as LXOA in Fig. 5(rt), the angle is said to be “in 
the first quadrant*' or to be a “first quadrant angle." Thus, any 
acute angle is a first quadrant angle. Similarly all obtuse angles 
arc in the second quadrant, as /LXOB. A third quadrant angle, 
as Z.VOC, or one in the fourth quadrant, as ZAW), is called a 
reflex angle; and an angle generated by a complete rotation, or 
four right angles, is called a complete angle or a perigon. 

In Fig. 5 the positive ends of the coordinate axes are marked 
with an arrow-head to indicate the positive directions and to dis- 
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tinguish these lines from all other lines. Similarly, curved arrows 
are used to indicate the rotation or magnitude of angles, and sym- 
bols are used (as ordinary algebraic symbols) to represent the an- 
gle and the measure of its magnitude. Greek letters are generally 
used to represent angles as italic letters (^, c, Xy y, etc.) are used 
to represent other numbers, lengths, etc. (The (jreek alphabet is 
printed in the front of this book.) Thus in Fig. S{a) the AXOA 
= ff==^ rt. Z and ZX0C=<t> = 2\ rt. A, 

Angles may be of any magnitude whatever; thus m Fig. 5(<^), 
the angle a with terminal side OE in the first quadrant is generated 
by rotation through 2 | complete revolutions. Its magnitude is 
therefore a=2j complete 2 ^ = 87 ]* rt. A, 

Angles may also be positive or negative. A positive angle is 
generated by rotation from the standard initial position (O.Y) up- 
ward toward the positive OY and about 0 in the counter-clock- 
wise direction. A negative angle is generated by rotation from 
OX downward tow^ard the negative OY' in the clockwise direction 
about 0. Thus the angles in Fig. 5(a) and the angle a in (/>») arc 
positive, w'hile the angles 0 and 5 in (i) are negative. The alge- 
braic values of /3 and 5 are ^ rt. Z and 6 = — 2?j rt. A, When 
no sign is given the angle is to be considered positive, as in the 
ordinary use of signs in algebra. Algebraic operations with posi- 
tive and negative angles follow all the rules of signs of algebra. 

5. Units of Angle Measure , — As angles are measured by rota- 
tion, a complete revolution or circle is taken as the basic unit of 
angle measure. Thus a circle of any radius is drawn with its cen- 
ter at the coordinate origin and the generating line (or side) of 
the angle is then a rotating radius of the circle. When the vertex 
of an angle is at the center of a circle it is called a central angle 
and it is proved in geometry that “a central angle is measured by 
the arc of the circle intercepted between its sides.*' This arc is 
the arc swept over by a point on the generating radius and so the 
length of the arc is a measure of the rotation which generates the 
angle. Using this arc as the measure of the central angle in any 
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circle, the following are definitions of the standard units of angle 
measure: 

{a) The central angle subtended (measured) by an arc equal 
to 0}2e-fou7'th of the circumference is called a quadrant. 

{U) The central angle subtended by an arc equal to one-sixth 
of the cii'cumfereyice is called a sextant. 

(c) "I'he central angle subtended by an arc equa/ in length to 
the radius is called a radian, 

'rhese definitions may be stated in another manner for com- 
parison, as follows: 

[a) The quadrant is the central right angle subtended by the 
arc intercepted by a side of the inscribed square as a chord. 

{h) "['he sextant is the central acute angle subtended by the arc 
intercepted by a side of the inscribed regular hexagon as a chord 
equal to the radius. 

{c) The radian is the central acute angle subtended by the arc 
equal to the radius. 



Fig. 6. 


These definitions arc illustrated in Fig. 6. In 
[a) OB 1,0 A and /.AOB is one quadrant; 

{b) chord AB — OA^r and ^AOB is one sextant; 

{c) arc AB — OA—r and Z.AOB is one radian. 



10 


ELEMEXrS OF SPHERICAL rRIGONOMErRT 


A circle or complete angle (one revolution) obviously contains 
and is equal to four quadrants, and to six sextants. Also the cir- 
cumference is equal to lir times the radius (C=2Fr), and the cir- 
cle therefore contains 27r = 6.2832+ radians of angle. Therefore: 


or 


1 circle = 4 quadrants = 6 sextants = 27r radians, 
2 quadrants = 3 sextants ==7r radians. 


The sextant is divided into sixty equal parts called degrees (°), 
the degree again into 60 equal parts called minutes (0, and the 
minute into 60 seconds (")• Thus 

1 circle = 6 sext. = 360° = 21 600' = 1 296000". 


As TT radians = 3 sextants = 180 degrees. 


1 radian 


-—=57.2957795 deg. 


1 degree = :^ =0.0174533 rad. 

1 oU 

Radians are divided into tenths, hundredths, thousandths, etc.* 
and expressed decimally. As tt is a non- terminating decimal the 
decimal equivalents given above are not exact. Approximately, 
therefore, when 

TT rad. = 180 deg., 

1 rad. = 57°17'45", 

1 deg. = .0174533 rad. 

The system of angle measure using degrees, minutes, and sec- 
onds, is called sexagesimal measure. The system using radians and 
decimal subdivisions is called natural or circular measure. 

When B is the circular measure of any central angle in a circle 
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of radius r and circumference C=27rr, and s is the length of the 
arc subtended by the angle, then the entire angle about the cen- 

d s 

ter is Itt radians, and 6 : liriis : C, or . Therefore: 

ZTT ZTrr 

0 = s = rO. (1) 

r 

This important relation is of frequent use in work pertaining to 
circles and spheres. 

The same systems and units of angle measure are used in 
spherical trigonometry as in plane trigonometry. 

6. T/ie Tnij^o}io)}ietric or Circular Functions , — Consider an an- 
gle Oy in circular or sexagesimal measure, in standard position on 
the XV coordinate axes, as in Fig. 7 below, the terminal side lying 
in any quadrant, as in {a)y (//), (r), or Choose a point P on 
the terminal side of the angle at any distance OP = r from the 
center measured positively outwar^from 0 to P, and draw PMl. 
OX, Then oM—x is the abscissa y A/P=y the ordinate y and OP^r 
the radius vector of the point P, x and y together are called the 
coordinates of P and the point is denoted by P(.v, y). .v is positive 
for points in the first and fourth quadrants and negative in the 
second and third, y is positive for points in the first and second 
quadrants and negati\e in the third and fourth. Thus P(2, 3) is 
in the first quadrant, ( — 4,7) is in the second, ( — 5, —3) in the 
third, and (b, — 2) in the fourth quadrant. 

As the value of the angle 0 varies, the coordinates .v, y vary, 
and for any specified value of B the values of .v, y vary as P is 
moved along the terminal side of the angle, but for viny particular 

. -V V y 

anglcy with the terminal side fixed in position, the 7'atios - 
r T X 

and their reciprocals , , - do not vary. These ratios do vary, 
X y y 

however, when the angle is varied. The values of these ratios 
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and the three definitions are written in the form of equations or 
formulas as follows: 

sin 0=-, tan 0 = -, sec 6 = -. (2a) 

r X X 

The reciprocals of these three ratios are defined and named as 
follows: 

X 

(d) The ratio - or (abscissa) (radius) is called the cosine of 
the angle ^ 

X 

(c) The ratio - or (abscissa) (ordinate) is called the cotaiigent 
of the angle 0. ^ 

, . V 

(f) 'rhe ratio - or (radius) (ordinate) is called the cosecant of 
the angle 6, ^ 

These last three names are abbreviated as coSy cot (or ctn), esc 
(or cosec)y rcspectuely, and these three definitions are written as 
the formulas 

X X 

cos 6 = -y cot 0=-, CSC $ — (2i) 

r y y 

Because of the changes in sign of a* and v from quadrant to 
quadrant (r is always taken as positive, outward), the algebraic 
rules of signs applied to the function definition formulas (2) give 
ditferent signs in the several quadrants. These are shown in the 
following table. 

Signs of the Functions 



sin 

cos 

tan 

cot 

sec 

esc' 

I 

+ 

+ 

-f* 

-f 



II 


— 

— 

— 

— 


111 

— 

— 

+ 


— 

— 

IV 

— 

+• 

— 

— 


— 
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In each case a co-function of any angle is the corresponding 
function of the complementary angle or co-angle. 'Fhese relations 
are shown in the following formulas. 

cos sin sin 9= cos (90^—9),' 

cot 9= tan (90° — ^), tan ^ = cot (90®—^), ' (3) 

CSC sec ( 90 ^ — 9 ); sec ^ = csc (90° — ^).. 

In addition to the six trigonometric functions defined above, 
four others are defined as follows: The 

(f) versed sine = 1 — cosine 

(h) coversed sine = 1 — sine 

(i) suversed sine = I +cosine = 2— sine 

0) haversine = (versed sine) -f- 2 = |(1 — cosine) 

These are abbreviated, for any angle 9y as 

ver 9 = 
cov 9 = 

SUV 9 = 

hav 9^ 

These four functions are rarely used in many fields of applied 
mathematics and are ordinarily not studied in trigonometry but 
in the special subject in which they are used. The ha^crsiyie (half- 
versine) is studied and used in navigation and astronomy. 

Numerical values of the functions are found by geometrical 
construction and calculation or by means of special computing 
formulas which are developed in analytical trigonometry. These 
values are called the natural Junctions and are listed in special 




INTRODUCriON 


IS 


tables in decimal form to four, five, six, seven, or more decimal 
places. 

I'he common logarithms (base 10) of the function numbers are 
needed in many calculations, and are called the logarithmic June- 
ttons. These are listed in tables similar to those of the natural 
functions, and to the same numbers of decimal places. For many 
uses in engineering, navigation, and nautical astronomy S-place 
tables are suitable and will be used in this book. For more pre- 
cise work in these subjects and in geodetical surveying and spheri- 
cal astronomy, tables of six, seven, or more places are used. Such 
tables are generally accompanied by instructions for their use and 
it is assumed here that the reader knows how to use the tables. 

In describing angle measure in Arts. 4 and 5 and in defining 
the trigonometric functions above, it is stated that any radius r 
may be used. If r=l (one centimeter, inch, foot, yard, meter, 
etc., i.e., loiity in any system of linear measure) the definitions 
and values of the functions are easily represented by certain lines 
drawn in connection with the circle, and hence the name circular 
functions, A circle of radius r=l (unity) is called the imit circle. 

In Fig. 8 below each of the four circles is a unit circle, i.e., in 
each case 0./ = 0/^ = 0P= 1, and LAOP—d is an angle in stand- 
ard position. The terminal side meets the circle at P and is ex- 
tended (forward through P or backw’ard through 0) to meet the 
tangent lines drawn at A and 5, the ends of positive axes (ra- 
dii) OA and OB, Then in each quadrant 


MP MP — 


^ OM OM — 
cos e =-■-=—= OM 


MP AT AT — 
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cot e 


MP OB 1 


sec Q — 


OP _OT_OT 

6m~oj~~\ 


OT 


OP OT' or' 

^~ 'mp~ob ~ 



Fig. 8. 


In every case for each angle — the four chief functions 
sin B=^MPy cos O^OMy tan Q==ATy cot B—BT* are shown as 
heavy black lines. The lengths of these lines give the magnitudes 
of these functions (to scale 0P=1) and the directions give their 
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algebraic signs. The functions sec 6=(JT and esc d = ()T' arc 
also given in magnitude (length to scale (JP= 1) and sign, forward 
through P (+) or backward through O ( — ). 

In accordance with the definitions (4), in each circle in Fig. 8, 
ver 0 = ~MA and hav 9=1 ALL The coversed sine and su versed 
sine are not shown in Fig. 8. 

7. Properties of the Functions , — From the function definition 
formulas (2) it is seen at once that 


CSC 9 = 


r 


y 



sin 9* 


and sin 

CSC 9 


sec 9 = - = y \ = 

X 


X ^ cos 9^ 
rl 


and cos 9 = 


sec 


cot 9 = 


X 


y 



1 

tan 9^ 


and tan 9 = . 

cot 9 


These six formulas may be combined as 

sin ^-csc 9=ly cos ^-sec 0=1, tan 0-cot 0=1. 
Another important relation is also immediately obvious from 


tan 0 = - 


sin 0 
cos 0 ’ 


cot 0 = 


cos 0 
sin 0 ’ 


( 5 ) 

( 2 ): 

( 6 ) 


In the unit circle we also have in the right triangles OMP, 
OAT, 057'; 

bSf+MP^ = 6P^, ()f--Af- = OA'\ = 

or cos* sin* 0=1,' 

sec* 0— tan* 0=1, ^ 

CSC* 0 — cot* 0 = 1 .^ 


( 7 ) 
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The following important formulas are given here without proof, 
for later use and reference. They are derived in textbooks on 
plane trigonometry. In these formulas 0 and (t> are any two angles, 
measured in circular or sexagesimal units. 


sin = sin 6 cos cos 0 sin </>, 

cos (^± 0 ) =cos 6 cos 0T sin 6 sin <l>. 


( 8 ) 


tan 26 = 


, ^ tan OzLtan 0 

tan (^zb <^>)=7 “ ) 

tan 0 tan 0 

, , cot 0 cot 

cot (Odi<t>)= 

cot ^ifccot 0 J 

sin 26 = 2 sin 6 cos 6^'] 

cos 2^ = cos" sin" 6 

= 2cos^ 6-1 

= 1 — 2 sin" 6. . 

2 tan 6 


cot^ 6 —\ 
cot 26 = ~ 


sin 


1=4 


1 — tan^e’ " 2 cot 0 

sin 39=3 sin 0—4 sin® 9, 
cos 30=4 cos® 0—3 cos 0. 

1 — cos 0 0 


cos 


) 1] +COS 0 

r, > 


( 9 ) 


( 10 ) 

( 11 ) 

( 12 ) 


2 ’ 2 

the sign (±) being determined by the quadrant in which " lies. 
0 sin 0 1 — cos 0 


(13) 


tan- = 


cot - = 


2 l+cos 0 sin 0 

0 sin 0 _l+cos0 
2 1 — cos 0 sin 0 


= csc 0— cot 


:csc 0+cot 0. 


( 14 ) 
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tan 


0 

2 


4 


1 — COS 0 
] +COS 0 ^ 


cot 


0 /l 4-cos ^ 


(15) 


the sign (±) being determined by the quadrant in which - lies. 


sin 04 -sin 0 = 2 


sin 0— sin 0 = 2 


cos 0+cos 0=2 
cos 0 — cos 0 = 2 


. ( ^+ 0 \ ( 0—<t>\ 

sin^ 2 Tr 

( ^4-0\ . ( 0 — 0\ 

cos^ ^jeos^-— j, 

(0-\-<p\ . (e-<4\ 
2 r\'2 )■ 


(16) 


(17) 


Fi nctions of Related Angles 


>< 

— d 

90 °± e 

180"± e 

270^:6 

nseotfcff 

sin 

— sin e 

4- cos 0 

4^ sin 0 

— COS 0 

± sin 0 

cos 

-[- cos e 

4- sin 0 

— cos 0 

isin 0 

4* cos 0 

tan 

— tan 0 

4^ cot d 

i tan 0 

=F cot 0 

dh tan0 

cot 

— cot 0 

4^ tan 0 

i cot 0 

4^ tan 0 

4: cot 0 

see 

4- sec e 

4^ CSC 0 

— sec 0 

± CSC 0 

4“ sec 0 

CSC 

— CSC 0 

4- sec 0 

=p CSC 0 

— sec 0 

4= CSC 0 


The following scries formulas hold good only when the angle 
{0) is measured in radians: 
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0 ^ 6 ^ 0 ^ 

“"*'*~6 + 120 - 5010 +' 

eP 0* eP 

COS().|--+--~^ + 

leP \7f 


(18) 


8. Formulas of Plane Right Triangles . — In the first quadrant, 
a;, r are all positive, and an acute angle is an angle of the first 




Fig. 9. 


quadrant. By the definition formulas (2) and (3), therefore, all 
the functions of the interior angles of a plane right triangle are 
positive. All calculations pertaining to a single plane right tri- 
angle may therefore be carried out without considering algebraic 
signs or coordinate reference axes. The triangle OMP of Fig. 
l{a)y which is reproduced above as Fig. 9(rt), may therefore be 
considered as removed from the coordinate axes and drawn sepa- 
rately as in Fig. 9{b). The lettering and marking used in this 
figure {b) is standard and should always be used for isolated plane 
right triangles. 

In this figure, //, C represent points (vertices) and not an- 
gles. The angles of the triangle are a, /5, 90°, and both a, 0 are 
acute. As their sum is a right angle (90°) they arc complementary 
(co-angles). 
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The function definition formulas as applied to right IS.ABC 
therefore become: 


(19) 


y leg opposite a 1 

sin a = - = — =-j ' 

r hypotenuse c 

X leg adjacent b 

cos a= - = ^ =-^ 

r hypotenuse c 

^ ^ opposite a 

X leg adjacent 

X leg adjacent b 
Cota= = =- 

y leg opposite a. 


with corresponding formulas for sec a and esc a; and for angle 




sin /i= sin (90° — a) = cos a = ~, 


cos /3= cos (90° — a) == sin a = -, 


tan /3 = tan (90°— a) = cot a = -, 

a 

cot /3 = cot (90° — a) = tan a = 


b'i 


( 20 ) 


When any two sides or any side and acute angle of the right 
triangle are known, the remaining three parts can always be cal- 
culated by using the appropriate two of the formulas (19), (20) 
with the relation a+/i = 90°. Thus, solving the formulas (19), (20) 
for each of the quantities they contain in terms of the other two 
we have: 
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u 

sin a = -, 
c 

a — c sin a, 

a 

r = -- , 

sin LX 

b 

cos a = -, 
c 

b^c cos a. 

b 

cos a y 

a 

tan a= ,, 
b 

a=^b tan a, 

b^- , 

tan a 

a+/3 = 90", 


l3 = 90^-a. 


( 21 ) 


The cotangent, secant, and cosecant formulas are not needed often 
here because they express in reciprocal form the relations expressed 
in (21). Similarly, from (20), 


b , 

sin/3 = --, b = esinf^, 
c 

^ 1 
sin 0 

a 

cos/3 = -, a = ccospy 
c 

a 

cos j3’ 

b 

tan/3 = --, ^ = ^ztani3, 
a 

b 

tan p 

a+^ = 90°, a = 90°~i3. 

0 = 9O®-«. 


( 22 ) 


Formulas (21), (22j are called the “solution formulas’* of the plane 
right triangle. We shall develop corresponding formulas for spheri- 
cal right triangles in a later chapter. 

9. Formulas of Oblique Plane Triangles , — An oblique plane tri- 
angle is defined as a plane triangle which has no right angle. Such a 
triangle cannot be fitted on the coordinate reference axes like a right 
triangle and therefore the solution formulas of the preceding arti- 
cle do not apply. Corresponding solution formulas for oblique 
plane triangles are derived in books on plane trigonometry such 
as those named at the end of this chapter, and the formulas will 
be listed here for reference but will not be proved or explained. 
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An oblique plane triangle may have any shape and its interior 
angles may be acute or obtuse but it cannot have more than one 
obtuse angle. I'he lettering shown in Fig. 10(<2), (I/) below should 
always be used. Fig. 10 (r) shows an oblique triangle with its ctr- 
cnmscribed and inscribed circles (sometimes called the circnnicircle^ 
or out-circle^ and in-circle). The centers and radii of these circles 
are called the circumcenter^ or out-center^ and in-center^ and the 
out-radius and in-radtus^ respectively. 



Side AB = c is generally taken as base of the triangle, and the 
following notation is used: 

By C are vertices of oblique plane triangle, 
a, l3y 7 = interior angles of oblique plane triangle. 

Uy by r = lengths of sides of oblique plane triangle. 
s=}^ {a+b-\-c) = half-sum of sides. 

K = aTca of triangle in square units corresponding to by c, 

Oy I are out-center and in-center. 

/? = radius of out-circle, in units of by c, 

r= radius of in-circle, in same units. 

baj bhy III = altitudes on sides ay by c, 

j^ = greater segment of base divided by altitude. 

/= lesser segment of base. 

a+j3+7= 180 ° in every oblique plane triangle. 
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The most frequently useful formulas of the oblique triangle 
are the following: 

Sine Law: = r = -f (23) 

sin a sin sin y 

= cos ay 

Cosine Law: =^(^+a^ — lca cos j3, ^ (24) 

X — cos 7.^ 


(In each case involving both sides and angles there are three for- 
mulas, as in (24), but only one will he given below in each case; 
the other two can be written out by interchaneing sides and angles 
in (25) to (37).) 


Tangent Law: 


t an ^{a+ l3) 
a — b tan^(a“-/3)‘ 


yj . 


Half-angle Formulas: cos- = \/^^^^ — 


a r 

tan " = . 

L 2 5-a 


sin « = “ V j(j— fl)(j — ^)(j — r). 
be 


Angle Formulas: cosa = 




tan a = 


2 r(j— tf) 
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Segment Formulas: 


g+^=(, g-l= 


{b^a){b-d) 


MollweideF.quations : 


g ^ 

COS a = 7, C0Si9 = -. 

b a 

c sin ^7 

rt“-^_sin §(a — )3) 
c cos ^7 


irs 1 / 

he =a ^\n ^ — b sin a = — = “V s{s — a){s — b){s — c) , 
c c 


chc 


(T sin 0 sin y 


A'=-r=.>sina = 7 , 

2 IsmiH+y) 

„ s\n 0 . . ^ sin a . , 

A=-— — sm (a+^) = — — sin(a+/3). 
2 sin a 2 sm p 


\ ^ /^Y ■ 2 1 

A = ^ sin a I cos “ + \l ^ ) ~sm a I. 

There is only one of each of the following formulas: 
K—^~^=rs = '\/s{s—a){s—b){s—c). 


(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 


abc s a 0 y 

R = --- = , sec - sec - sec 
4A 4 2 2 2 


'•='^ {s—a){s—b){s—c) =s tan ^ tan ^ tan 


„ abc r a . 0 . y 


(39) 

(40) 

(41) 


, abc a 0 y 

esc -CSC -CSC-, 


2 abc . a . 0 . y 
r' = — sm - sin-sin --. 

J ^ ^ 


( 42 ) 
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10. Formulas of the Circle . — The geometry and trigonometry of 
the circle is sutBciently extensive to fill a large book but the fol- 
lowing formulas are of frecjuent use. 1 he notation is indicated in 
Fig. 11. 



Fig. 11 . 


R = radius, K = area, 

D = diameter, c = chord 

C= circumference, J‘ = arc /I By 

/t = rise of arc ABy ^ , 

0 = central LAOB in radians, 

*S’ = area of segment ABy 
« = area of sector AOBy 

w = no. sides of inscribed regular polygon of side r, or of circum- 
scribed regular polygon, 

<2 = apothem of inscribed regular polygon, 

/> = perimeter of inscribed regular polygon, 

P = perimeter of circumscribed regular polygon, 
yfc==area of circumscribed regular polygon, 
y^t = area of inscribed regular polygon. 


IN-TRODVC-TION 


Then C=wD=2irR; K = = . 

j = RO=\m = I) cos“' ( tA 


j= . = 2sin"* 


(i).2cos-‘(-“).2tan-‘(^) (45) 


4 = ^1 R~-(^) =/?cos^=^cot^; h = R-a. 


: = 2\/^“-fl2 = DsIn ? = 2 


- — 2a tan -. 
2 2 


= 0); H=\Rs = \R^e. (48) 

.V = R^ cos-' ^h{D-h). (49) 

A,=nR~ tan = ^ ^ cot (/=sidc). (51) 

P — Du tan 

(w)’ ©■ (52) 

In these formulas the notation sin"”^ is to be read “angle whose 
sine is/’ cos“^ means “angle whose cosine is/’ etc. 

Plane, solid, and spherical geometry and plane and analytical 
trigonometry are treated in detail in the tollowing books: 

Wentworth, ‘‘Pl.ine and Solid Geometry.” 

Phillips and Fisher, “Elements of Geometr)'.” 

'rhompson, “'rngonometry tor the Practic.il Man” (elementary). 

Thompson and Cowles, “ Icxt Book of Trigonometry” (advanced). 



CHAPTER II 

The Sphere and Spherical Triangles 

11. Introduction . — It has been pointed out in Art. 3 that a 
knowledge of algebra, plane and solid geometry, and plane trigo- 
nometry is required for the study of spherical trigonometry. Chap- 
ter I presents a summary of certain parts of plane geometry per- 
taining to angles and angle measure, and a summary of certain 
parts of plane trigonometry. This chapter will present a summary 
of certain parts of solid geometry with particular reference to the 
sphere. For complete discussions and proofs reference should be 
made to books on geometry such as those mentioned at the end 
of Chapter I, 

In this chapter all that pertains to the numerical measure of 
angles and to values and properties of the trigonometric or circu- 
lar functions of angles, as set forth in Chapter I, will still apply, 
and tables of the natural and logarithmic functions will be used in 
this and following chapters as in plane trigonometry. 

12. Lines and Playies in Space . — A plane surface^ or simply a 
planCy is a surface such that a straight line passing through any 
two points of the surface lies entirely in the surface. If the flat 
surface of a smooth mirror or table top can be pictured or imagined 
as abstracted from the table, without thickness or body, wc get a 
physical notion of a plane. All the discussions of Chapter I ap- 
ply to lines, angles, and figures in a plane. 

Consider now an isolated straight line in space. A plane may 
pass through this line and can turn about it as an axis, as illus- 
trated by a piece of cardboard (which actually has thickness, how- 
ever) held at two fixed points on its edges and turned about these 
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points. The cardboard (plane) then rotates about the straight line 
joining these two points. If now a third point in the cardboard 
(plane), outside the fixed line, be also fixed in position the plane 
cannot be turned. Thus the plane is fixed in position by the line 
and the point outside the line. 

But a7iy two points in the fixed line locate and determine it. 
These two, and the third point not in the line, therefore, also fix 
the plane in space. Similarly one plane can contain two intersect- 
ing or parallel lines, and while it can turn about either one of these 
two lines, if it must pass also through the other fixed line then it 
cannot turn but must remain m one fixed position. 

The results of the last two paragraphs may be summarized as 
follows: 

I. Af plane in space is determined by 

{a) a sh'aight line and a point outside the line; 

{b) three points not in the same straight Itne; 

(r) two intersecting straight lines; or 
{d) two parallel straight lines. 

Since a curved line cannot lie wholly in a plane in every posi- 
tion into which the line may be turned but a straight line can (see 
definition of plane above), then a plane can turn about a straight 
line into any position, and 

II. The intersection of two planes is a straight line. 

This fact is illustrated below in Fig. 12, in which the two planes 
ABCD and ABKF intersect in the straight line AB. (Strictly 
speaking, ABCD and ABEF represent only a portion of each of 
two planes, and the planes may extend indefinitely beyond the 
boundaries AB^ BEy BCy CDy etc.) 

If a straight line pierces a plane at a point and is perpendicu- 
lar to every line in the plane which passes through that point the 
line and the plane are said to be perpendicular y each to the other. 
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But since there can be only one line from a point outside perpen- 
dicular to each of these lines in the plane (Art. 4), then 

III. At a point in a plane or from a point outside the plane there 
can be only one straight line perpendicular to the plane; and 
therefore also, 

IV. Through a point outside a line there can pass only one plane 
perpeyidtciilar to the line, 

K plane angle has been defined in Art. 4 as the figure formed by 
two intersecting straight lines, and the measure of such an angle 
is the amount of this opening or ditference in direction between 
the lines. Similarly two intersecting planes may have different di- 
rections and we define: 

A dihedral angle is the figure formed by two planes which meet 
in a line, and the measure of the dihedral angle is the amount of 
opening or difference in direction between the planes. 

The two planes are called the faces of the dihedral angle, and 
their line of intersection is its edge. 

The measure of a dihedral angle (in degrees or radians) is the 
same as the plane angle formed by two lines, one in each face, 

which are perpendicular to the edge 
at the same point. This is called 
the playie ayygle of the dihedral ayiglc. 
Fig. 12 represents a dihedral 
angle formed by the two intersect- 
ing planes ABCD and ABEF, 
These planes are its faces, and their 
line of intersection AB is its edge. 
If the lines BE are thought 
of as being both perpendicular to 
AB^tB then the number of degrees 
or radians in the Z. CBE is the 
measure of the dihedral angle. Thus a dihedral angle may have 
any magnitude, as in Arts. 4, 5. 


F 
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A dihedral angle is designated by naming its edge or the edge 
and the face planes. Thus, in Fig. 12, dihedral Z/fJ5 or dihedral 
Z {AB-AC-AK), 

If three planes all pass through one point and intersect one an- 
other in pairs in three lines, as the sides of a box meeting at a 
corner, the three planes are said to form a trihedral angle. The 
three planes are the faces of the trihedral angle; the three lines in 
which they intersect are its edges; the point through which they all 
pass is its vertex; and the three plane angles formed by the inter- 



Fig. 13. 


secting edges at the vertex are called the face angles of the tri- 
hedral angle. 

Fig. 13 represents a trihedral angle. The triangular figures 
AFBy BVCy CI A represent portions of the three planes which 
meet at the point V. These three planes are the faces of the tri- 
hedral angle and is its vertex. The lines AVy BVy CV are its 
edges, and the three plane AAVBy Bl'^Cy CVA are its face angles. 
The trihedral angle is designated as trihedral Z C-ABC. 

Three or more planes which in the same way as above pass 
through one point and intersect in pairs in three or more straight 
lines are said to form a polyhedral angle. The polyhedral angle of 
any number of faces, edges, and face angles is described in the 
same manner as the angle of three faces (trihedral). A polyhedral 
angle is also called a solid angle in contradistinction from a pla7i€ 
angle. 
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If the plane angle of a dihedral angle is a right angle the face 
planes are perpendicular and it is called a right dihedral angle. 
Any two sides of a square or rectangular box meeting at an edge 
form a right dihedral angle. 

If the face angles of a trihedral angle are plane right angles 
the trihedral angle is called a right hthedral angle. Thus the 
three sides of a square or rectangular box meeting at a corner 
form a right trihedral angle, as in Fig. 13(<i). 

If the edges AV^ Bl'\ CV in Fig. 13 spread farther apart (as 
the legs of a tripod) the face angles at V become larger and larger 
and the faces of the trihedral angle “flatten out.” If this opening 
or flattening continues, the three planes will finally lie flat and co- 
incide as one plane. The edges are then simply lines radiating 
from a point in a plane, and the sum of the three original face 
AAVBy BFCy CVA is simply the sum of the plane angles about 
a point in a plane, which is 360 degrees or lir radians. 

From this we have the result that the sum of the face angles 
must be less than 360 degrees if the figure is to be a trihedral angle. 
Similarly, a polyhedral angle of any number of faces may be flat- 
tened out into a plane, when the polyhedral angle ceases to be a 
solid angle and the sum of its face angles becomes the sum of the 
plane angles about a point in a plane. Therefore 

V. The sum of the face angles of any polyhedral angle must be 
less than j 6 o degrees (^tt radians^. 

Lines and planes in space, and dihedral and polyhedral angles 
formed by them, possess many interesting properties and these 
are studied in solid geometry. Some of them are useful in the study 
of the sphere, which we next proceed to consider. 

13. The Sphere . — A sphere is a solid, or portion of space, 
bounded by a curved surface, every point of which is at the same 
distance from one point within. This point is called the center of 
the sphere, and the distance from the center to any point in the 
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surface, or a line segment joining the center and a point in the 
surface, is called the radius of the sphere. 

A line segment passing through the center of a sphere and 
terminating in the surface is called a diameter of the sphere. Ob- 
viously, a diameter is twice as long as the radius. 

The intersection of the surface of a sphere and any plane is a 
circle. The intersection of a sphere and a plane through its cen- 
ter is a great circle of the sphere. All other circles formed by plane 
intersections with the sphere are called S77/a// circles. 

The axis of a great circle is the diameter of the sphere which 
is perpendicular to the plane of the circle at its center. Each end 
of this diameter is called a pole of the great circle. 

The radius, diameter, and circumference of a great circle are 
the radius (/?), diameter (D), and circumference (C) of the sphere. 
The following relations are proved in geometry: 

The circumference and area of a great circle of a sphere are 

C== 7rD = 27r/?, 

The surface area of a sphere is equal to the area of four of its 
great circles. Therefore 

S = 2CR = 47rR^ = 7rD^. ( 2 ) 


The volume of a sphere is equal to two-thirds the volume of a 
circular cylinder whose diameter and altitude are each equal to 
the diameter of the sphere, or to one-third the volume of a cylin- 
der having a circular base equal to the surface area of the sph e 
and an altitude equal to the radius of the sphere. TherefcJfe^ 




( 3 ) 


14. Spherical Angles and Polygons. — We now make use of the 
notion of the measure of an angle between two int^secting straight 

y 
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lines to define the angle made by two intersecting ettrved lines: 
The angle Jormed hy tivo intersecting curved lines is measured hy and 
equal to the angle formed by the tangents to the two curves at their 
point of intersection. 

Thus, in Fig. 14, the curved lines PB and PA intersect at P; 
PT is tangent to P. / at P and PT' is tangent to PB at P; and 
the angle between PA and PB is equal to Z TPT\ 

Also a tangent to a great circle 
p of a sphere at a point is tangent 

, to the sphere at that point and is 
^ perpendicular to the radius drawn 
to that point. 

The angle formed by two inter- 
secting arcs of great circles of a 
sphere (measured by the tangents) 
is called a spherical angle. 

In Fig. 14 circle IPAE represents 
Fig. 14. a great circle on the surface of the 

sphere having its center at O. 

The radius of the sphere and of the circle is P = 0.'/ = 6/i = bP. 
OP is perpendicular to the plane of the great circle JPAK and P 
is a pole of the circle. 

PA and PB are arcs (quadrants) of great circles intersecting 
at P, and PP, PT' are tangents to these circles at P. 'Fhe angle 

TPT' is the measure of the spherical angle formed by the arcs P.'/, 

PB. This spherical angle is denoted by Z APB. 

It is proved in geometry that 

VI. A spherical angle has the same measure as the dihedral angle 
formed by the planes of the great circles which form its sides. 



Thus in Fig. 14, spherical /iAPB — Z,AOB = 0. 

Also it has been seen in Art. 5 that Z AOB at the center of the 
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great circle JFAE is measured by the arc AB and its value in ra- 


dians is Z.AOB 


AB_AR 
OB ~ R ‘ 


Therefore also 


VII. A spherical angle is jneastired by the arc of the great circle 
having the vertex of the angle as pole and included between 
its sides (produced if necessary^. 


In Fig. 14 the numerical value of the spherical Z APB in radians 


is therefore 6 = 


AB 
R ’ 


where R is the radius of the sphere. 


A spherical right angle is a spherical angle formed by tw'o inter- 
secting perpendicular arcs of great circles. 

Thus, in Fig. 14, spherical angles /.PABy AABP are right an- 
gles, since the arcs PAy PB are perpendicular to arc AB, The 

TT 

measure of each of these two angles is of course - radians = 90°. 


Spherical angles, like plane angles, may have any value, and 
similarlv, any spherical angle greater than Iw radians = 360° is 
geometrically equivalent to an angle less than 360° and having 
the same initial and terminal arcs as sides. 

A spherical polygon is a closed figure formed by arcs of three or 
more great circles of the same sphere which intersect in pairs. 

The sides of a spherical polygon arc the great circular arcs 
which form it; the angles of the polygon arc the spherical angles 
formed by intersecting pairs of its sides; and the vertices of the 
polygon are the points of intersection of its sides. 

Spherical polygons may have any number of sides greater than 
two, and are named according to the number of sides, as are plane 
polygons. Thus there ixvc spherical triangleSy quadrilaterals, pen- 
tagons, etc. 

An interior angle of a spherical polygon may have any value 
greater than zero and less than 360°. 
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A side of a spherical polygon, being an arc of the great circle 
of the sphere on which the polygon is constructed, may be meas- 
ured in angular measure, i.e., degrees or radians of arc, or in linear 
units, as centimeters, inches, feet, etc., of length. 

In Fig. 14, APB is a spherical polygon of three sides (triangle), 

the sides being the great circular arcs AB^ BPy PA, and the ver- 
tices Ay By P. It is referred to as the spherical AABP, 

The measure of the angles of AABP have already been given. 

The angular measures of the sides are .^P = 90®=^, PP = 90°=^ 

(quadrants), AB = ZS. The linear measures of the sides are 

Jp=BP = -^, JB = Re, by (1), Art. 5. 


The remainder of this and the following chapters deal with 
the properties and solution of spherical triangles. 

15. Spherical Triangles, — A spherical triangle has already been 
defined as a spherical polygon of three sides, which are arcs of 
great circles of a sphere, and three (interior) spherical angles. This 
definition may be separately and concisely stated as follows: 

A spherical triangle is a portion of (or, 
a figure on) the surface of a sphere, 
bounded by three arcs of great circles of 
the sphere. 

The bounding arcs are the sides of the 
triangle; the points ot intersection of the 
sides are its vertices; and the interior 
spherical angles formed by pairs of the 
sides are the angles of the triangle. 

In Fig. 15, ABC represents a spherical 
triangle, drawn on the surface of the 
sphere having the center 0 and the radius OA^OB^OC^R, 

A spherical triangle is easily visualized as the figure formed by 
the intersection of the surface of the sphere with the three faces of 



Fig. 15. 
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a trihedral angle whose vertex is at the center of the sphere, as 
trihedral Z.O-ABC in Fig. 15 with its vertex at the center 0 and 
face angles AOB^ 50C, COA, 

The Circek letters a, /3, y will be used to denote the radian or 
degree measure of the interior spherical angles of the triangle at 
A^ 5, 6\ respectively, and the italic letters c will denote the 
angular measure (degrees or radians) of the corresponding oppo« 

site sides which are the great circular arcs jBC, C/f, ABy respec- 
tively. 

The lengths of the curved sides in linear measure will be denoted 
by the symbols by c. When ay by c are expressed in radians then 

~a — Ray b = Rby c = Rcy (4) 

and 7iy Jjy ?, R will be measured in the same linear units. 

The sides and angles of a spherical triangle are called its parts. 
A spherical triangle A^B^C' whose vertices A\ B\ C' are the 

poles of the sides 5C, CAy ABy respectively of the spherical 
AABCy is said to be a polar tri^ 
angle of /AABC. Thus, in Fig. 16, 

A\ B\ C' are the poles of the 
three great circles of which the arcs 

BCy CAy AB arc parts. 

Since each side of a spherical 
triangle has two poles, the triangle 
has eight polar triangles; but there 
is only one AA'B'C^ in which the 
vertices all lie towards the cor- 
responding vertices Ay By C, res- 
pectively. This one of the eight Fig. 16. 

polar triangles is called the polar 

of the spherical triangle ABC, Thus in Fig. 16 AA^BIC* is th« 
polar of AABC. 
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The spherical AABC is called the primitive of the polar 
A^'5'C'. 

It is prov^ed in geometry that 

Vni. The angles and sides of a polar triangle are the supple- 
nieyits of the respective coiresponding sides and angles of 
the primitive triangle^ and conversely. 

A spherical triangle may have one, two, or three right angles. 

A spherical triangle of three right angles is said to be trirec- 
(angular; one of two right angles is Inrectangular; and one having 
only one right angle is called a spherical right triangle. 

As in plane triangles, the side opposite the right angle of a 
spherical right triangle is called the hypotenuse. The other two 
sides are called the legs. 

A spherical triangle having no right angle is called an oblique 
sphet'ical triangle. 

A spherical triangle having two equal sides is said to be isos- 
celes. In Fig. 14 the spherical txAPB is isosceles, and also birec- 
tangular. 

A quadrantal spherical triangle is one having one side equal to 
a quadrant of a great circle; a biqiiadrantal triangle has two sides 
equal to quadrants; and a triquadrantal triangle has three sides 
equal to quadrants. 

A biquadrantal spherical triangle is of course isosceles; it is 
also birectangular. In Fig. 14, PXAPB is biquadrantal, the sides 

APy BP each being quadrants of great circles of the sphere. 

A triquadrantal spherical triangle is also trirectangular, and of 
course equilateral. It bounds on octant of the sphere, and its area 
is one-eighth of the surface area of the sphere, i.e., §7r/?“. 

16. Some Properties of Spherical Triangles . — The following re- 
lations are proved in solid geometry. They are of the highest im- 
portance in spherical trigonometry, and attention paid to these 
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facts may often aid in avoiding errors in solutions or serve as 
checks on results: 


IX. The greater side of a spherical triangle is opposite the 
greater angle^ and conversely. Equal sides are opposite 
equal angles, 

X. Each side of a spherical triangle is less than the sum of 
the other two sides, 

XI. The sum of the three sides of a spherical triangle is less 
than the circumference of its sphere; or, in angular measure, 

XII. The sum of the sides of a spherical triangle is less than 
360° {Zts radians), 

XIII. The sum of the interior angles of a spherical triangle is 
greater than 130° and less than 540° (tt and Sir radians). 

The difference between the sum of the angles of a spherical 
triangle and 180® (tt rad.) is called the spherical excess oi tri- 
angle. 

It is proved in geometry that 

XIV. The area of a spherical triangle is to the surface area of 
the sphere as the spherical excess in degrees is to 720, 


If £ is the spherical excess in degrees, ^ the surface area of the 
sphere in units of square measure, and K the area of the spherical 
triangle in the same units, then VIII is K : SwE ', 720. 




ES 

720’ 


In terms of the radius and diameter of the sphere, 
ttD^. Hence 





( 5 ) 

(fia) 


when E is expressed in degrees. 
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If E is expressed in radians, 180®=7r rad., and hence (6a) be- 
comes 

K=R:-E==\II^E. (6b) 


In the general spherical triangle any side or angle may be 
greater than 180® (tt radians), but in such cases it is always pos- 
sible in numerical work to substitute for the triangle another in 
which each part is less than 180®. 

In the following chapters, therefore, we shall consider only tri- 
angles in which each part is less than 180®. 

Since sides and angles of spherical triangles are both measured 
in angular measure, the trigonometric functions of cither may be 
used. Thus a side or arc of one-sixth of the circumference of the 


sphere is 60°= - radians. 


If this is, say, side a of a spherical tri- 


angle then sin ^7 = .8660, cos ^ = .5000, etc. If the radius is /2 = 15, 
then the length of the side a is « = /?^ = 57r= 15.708 units. 

In the next chapter we develop relations between the sides and 
angles of spherical triangles. 



CHAPTER III 


Formulas of Spherical Triangles 

17. The Fundamental Formulas of the Spherical Triangle , — In 
Fig. 17, /IBC represents a spherical triangle on a sphere with cen- 
ter 0 and radius OA==OB^OC=R. The angular measures of the 

sides are AB^Cy J5C = ^/, CA = by and the corresponding opposite 
angles are spherical /. BCA — yy /LCAB = oty ZABC=l3. The sides 


A 



and angles may have any values between 0 and 180°, including 
90°. 

The sides ABy BCy CA are arcs of great circles of the planes 
AOBy BOCy CO Ay respectively. These three planes through the 
center O may be visualized as cutting out of the sphere the trian- 

4 * 


4 ^ 
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gular “plug” or trihedral angle 0-ABC and intercepting or inclos- 
ing AABC as a part of the surface of the sphere. The face angles 
AOB, BOC, COA of the trihedral angle are equal respectively to 
the angular measures of the sides r, a, b as indicated in Fig. 17. 

AD is the tangent at A to the arc AE^ meeting OB produced 

at D; and AE is the tangent at A to AC^ meeting OC produced at 
E, Then by definition (Art. 14) plane Z /)./£ = spherical Z.BAC 
= a. Similarly, spherical angles ^ and y would be equal to the 
angles formed by draw’ing tangents to the sides at B and at C. 

The AOADy OAE are right angles and the plane M)ADy OAE 
are right triangles. Therefore 

OA- = mf-Tlfy 1)A-^0E--'AF?. (1) 

In the plane triangles D0£, DAE, by the cosine law (24), 

.Art. 9, 

D£® = ODH 0£2 - 20D -OE cos a, 

D£^ = ID^+IE^ - 2AD • He cos a. 


Equating these two expressions for DE^, and transposing, 
20D-0£ cos a = {(W-A&)M0E’^-AE^)+2AD'AE cos a 
= 2^=^+2ZD-:^cosa, by(]). 


OA-OA , AE‘AD 


on dividing by 20D • OE. 

But in right triangles OAD, OAE 


OA , 
^^=cos b, 
OE 


OA 

=^ = cos c, 
OD * 


AE 

OE 


= sin by 



c. 
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Substituting these relations in (2), 

cos <* = cos b cos r+sin b sin c cos a. 
Similarly, cos ^ = cos c cos ^+sin c sin a cos /3, 

cos r = cos a cos ^+sin a sin b cos 7 . 


( 3 ) 


The last two formulas are obtained by drawing the tangents to 
the sides at C, respectively, or by permutation of the parts of 
the triangle in the first formula. These derivations are left as ex- 
ercises for the student. (See page 57.) 

The equations (3) are called the Jundamental formulas of the 
spherical triangle, and all other formulas of spherical triangles can 
be derived from them. We shall later make use of (3) in deriv- 
ing the solution formulas for right and oblique spherical triangles. 

18. The Sine Law for Spherical Triangles . — From the first of 
formulas (3) we have 


cos a = - 


cos ^ — cos b cos c 
sin ^ sin f ' 


and also, for any angle, sin^ a= 1 ~cos^ a. 

• 2 t /cos — cos ^ cos rV 

sin a = 1 — I . — j 

\ sin ^ sm f / 

sin^ b sin^ (cos rz — cos b cos cf" 
sin^ b sin^ c 

^ (1 — cos^ ^)(1 — cos"’ r) — (cos zz — cos b cos c)^ 
sin" b sin" c 

1 — cos^ ^ — cos^ ^ — cos" f +2 cos a cos b cos c 
sin^ b sin"’ c 

sin a y / 1 — cos^ zz — cos" cos" f +2 cos a cos b c os c 

sin zz sin zz sin ^ sin r 
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The right member of this equation contains all the sides by c 
symmetrically and permutation of the sides does not change it. 
Permuting the sides and angles, therefore, 

sin a sin sin 7 
sin a sin h sin c 


(4) 


This continued proportion expresses the sme law for spherical 

triangles. It is analogous to, but must not be confused with, the 

1 r 1 . . sin a: 

sine law for plane triangles, - 



sin sin 7 


(Art. 9). 


19. Geometrical Proof of Sine 
Law . — The sine law (4) may also 
be derived directly from a geo- 
metrical figure. The spherical 
triangle .IliC oi Fig. 17 is repro- 
duced in Fig. 1 8. From any point 
P on OJ draw Pd/± plane OBC. 
Draw MB* LOB y d/C'±OC, and join P/i', PC*. Then plane 
t^PMB* yPMC* can:, right triangles; APB* ZPC'A/= 7 , and 

(5) 


PM 


PC* 


Also, PB* LOB y PC* LOC. Hence plane APB*Oy PC*0 are right 
triangles and 


. , PC* 

From (5), and from (fi), 

sin P PC* 
sin 7 PB*^ 
sin P sin b 
sin 7 sin P 


vSin c = 


PB* 

PO' 


( 6 ) 


sin b PC* 

sin c PB*' 

sin sin 7 
or ,= . . 

sin b sin c 
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By drawing the perpendicular to plane 0/4B from a point on OC 


we find similarly - 
sin a 


sinj0 
sin y 


and hence 


sin a sin 0 sin y 
sin a sin b sin c 


( 4 ) 


20. Formulas /or a Side and the Three Angles , — According to 
VIII, Art. 15, we hav'e for the polar triangle of AABC (Fig. 16) 


1 

0 

0 

OC 

II 

y=180°-a, 

^' = 180°-^, 

1 

0 

0 

00 

J\ 

y’ = \m°-Cy 

if 

00 

0 

0 

1 

> 


and in the polar A*B*C\ according to the first of the fundamental 
formulas (3), 

cos < 2 ' = cos y cos r'+sin F sin / cos a'. 


Replacing a', a\ b\ / in this formula by the values in (7) and 
remembering that cos (180° — a) = —cos a, cos (180° — ^) = —cos 
sin (180° — ^)=sin etc., we have 


— cos a= ( — cos i3)( — cos 7 )+sin ^ sin y ( — cos «), 

or cos a = — cos P cos 7 +sin 0 sin y cos a. 

Similarly, cos /3= — cos 7 cos a+sin 7 sin a cos by 

cos 7 = — cos a cos 0+sin a sin 0 cos c. 


( 8 ) 


Each of these three formulas contains one side and all three 
angles of the spherical triangle. 

21 . Formulas for the Half -angles of a Sphei'ical Triangle , — From 
the first fundamental formula (3), 

cos cos b cos c 


cos a = 


sin b sin c 


( 9 ) 
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. . o « ^ ^ COS a — cos b cos c 

/. 2 sin“ - =l — cosa=l — " ; 

2 sin b sm c 

(sin b sin r+cos b cos f) — cos a 

sin ^ sin 

• 2 ^ 


/. 2sin2 -^- = 


sin b sin c 


By (18), Art. 7, COS (b — t‘) — cosa = 2 sin ^(a+b — c) sin l(a--b+r), 
. 2 « sin sin 

/. sm^-= T . (10) 

xT^... 1 2 sin sin r 


Now let 


a-i-b-{- c = 2s; 


then —a+b-i-c = 2(s — a)y 

a — b+c — 2(s — b), 
a+b~- c = 2(s— c).. 
Substituting these in (10) we have 


Similarly, 


. 2 « sm (s—b) sm (s— c) 

sm^ - = : — — . 

2 sm b sm c 

. 2 0 sin (j— c) sin (s — a) 

sm^ -= : : , 

2 sm c sm a 

. 2 7 sin {s — a) sin (s — b) 

sm^ - = : r— ; . 


2 sin ^ sin ^ J 

Using (9) again we have 

^ 9 a ^ . cos a — COS b cos c 


2 cos^ ~ = 1 +COS a = 1 + 


sin b sin c 

cos (cos b cos sin b sin 
sin ^ sin f 


/. 2cos^“ = 


2 a cos ^j~cos(^+c) 


sin b sin c 
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Reducing this by means of the relation (17), Art. 7, 

cos — cos(^+^‘) = — 2 sin \{a-\-b+c) sin — ^ — c) 

= 2 sin ^(a+b+c) sin ^{ — a+b+c)y 


and again using (11), we obtain 


Similarly, 


cos^ 


a_sin s sin {s — a) 
2 sin b sin c 



sin 5 sin(j — /») 
sin c sin a ^ 



sin s sin (j— c) 
sin a sin b 


(13) 


Dividing the first of formulas (12) by the first of (13), we obtain 

^ _ sin {s — b) sin { s — c) sin {s — d) sin {s — b) sin {s — c) 

2 sin j sin sin^ (j— i?) sin j 


Now let 


tan 




sin {s—d) sin (j~^) sin (s — c) 


sin s 


(14) 


and take the square root of the last equation. 


We get 
Similarly, 


a tan r 

tan -=- — ; r. 

2 sin (s — a) 

/3 tan r 
tan 

2 sin(j — ^) 



tan r 
sin (j — r) 


(15) 


Formulas (12), (13), (15) express each angle of any spherical 
triangle in terms of the three sides. They are analogous to the 
plane triangle formulas (26), (27), (28) of Art. 9. 
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22. Formulas for the Half-sides . — From the first of formulas (8), 
cos Qf+cos 0 cos 7 


cos a=~ 


sin sm 7 

Forming the expressions for 1 — cos^ and l+cos^, as in the pre- 
ceding article for cos a, reducing in a similar manner, and putting 


we get 


*?= lioc+0+y)y 
, a cos S cos (S — a) 


sin" ' = — - 
2 


sin 0 sin y 


. 5 b cos S cos iS—0) 

sin^ ~ = r : , 

2 sin 7 sin a 


sin--=- 


cos *5* cos ( 5 — 7 ) 


(16) 


(17) 


and 


cos 


cos 


sm a sin 0 

2 ^_cos (S—0) cos (S — y) 
2 sin 0 siny ^ 

2 b^cos (*S'~ 7 ) cos (S — a) 


sin 7 sin a 


o c cos (S’- a) cos (S — 0) 
cos “==“ 


(18) 


2 sin a sin 0 

Dividing the first of (17) by the first of (18) and putting 


tan 


R = J^ 

'cos (‘V — a) cos (iS’ — 


ti) cos {S-yY 


(19) 


we get 
Similarly, 


tan - = tan R cos (S—a). 


tan “ = tan R cos (8—0), 


tan - = tan R cos (S—y). 


( 20 ) 
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According to XII, Art. 16, the sum a+jS+T is between 180° 
and 540°. Hence .S'= .^(a+^+y) is between 90° and 270°. In 
(19), therefore, cos S is always negative and hence —cos S is al- 
ways positive. 

23. Delamhre's Equations . — Multiplying the first of equations 
(12) by the second of (13), and taking the square root of the prod- 
uct equation, we get 



or, comparing with the third of (13), 


.Similarly, 

and 


. « /3 sin(.f — ^) 7 

sin - cos -= : cos -. 

2 2 sm f 2 


a . 0 sin ( s — a) 
2 sm c 


1 . 

o' 


. a . /3 sin {s— c) . y 
-m 


sm - sm - = 
0 0 


sin c 


a 0 sms . y 

cos ^ cos - = . — sm 
2 2 sm c 2 


( 21 ) 


( 22 ) 


T 

Adding the two equations (21) and taking out cos as a factor on 


the right, 


(. CL 0 a . 0\ 

Ism 2 cos 2 +cos - sm = 
or, sin^“+^^ = sin |(a+/3) =cos 


7 sin (j — /0+sin (s — a) 


sin c 


7 2 sin — tf — //) cos — 


sm c 


2 sin ” cos 


= cos 


2 , c c 

2 sin - cos - 
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sin^ (a+(3)-cos^'^°* 

- c„,| 

cos^ sin ^(a+/3) = cos ^ cos \(a — b'). 


(23«) 


Similarly, by subtracting the second of equations (21) from the 
first, and reducing, we obtain 


sin “ sin ^(a— /3) =cos ^ sin \{a—b). 


( 23 ^) 


Similarly, by adding the two equations (22), and by subtract- 
ing the second of (22) from the first, and reducing in each case as 
above we get, respectively, 

sin ^ cos ^{a—0) =sin ^ sin \{a-^b)f (23r) 

cos ^ cos 5 (a-|-d) =sin ^ cos \{a-^b). (23<f) 


Writing the formulas (23) together in the order (a), {d), {b), 
(r), we have finally 

c ^ 

COS " sin ^(a+/3) = cos 2 cos \{a — b)y 


cos ^ cos ^(a+/3) = sin ^ cos 2 (^+^)j 

C T • 1 

sin - sin \{pi—0) =cos - sin ^{a—b), 
sin ^ cos |(a— ^) = sin ^ sin ^(a+b). 


( 23 ) 
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These are known as l^elambre^ s Equations ^ from the French 
mathematician who discovered them in 1807 and first published 
them in 1809. They are also sometimes improperly called Gauss’s 
Equations. 

24. Napier s Ratios. — Dividing the third of the group of equa- 
tions (23) by the first, we get 


c sin 

tan - — r; 

2 sin |(a+/3) 


= tan \{a—l>). 


Transposing, 

Similarly, 


tan - 2(/2 — _ sin ^(a — /3) 
tan sin|(a+/3)‘ 

tan 2 (^+/>) __cos — 
tan cos ^ia+0)\ 


(24a) 


from the quotient of the fourth and second of (23). 

Dividing the third of (23) by the fourth, and the first by the 
second, and reducing as above, we get, respectively. 


tan l(a—0) sin ^(a’-b) 
cot 27 sin ^(a+by 

tan l(a-\-P) cos^(a — b) 
cot 2-7 cos ^(a+b) ^ 


(24b) 


The four proportions (24) are known as Napier s Ratios. They 
were first stated by the Scottish Baron John Napier (1550-1617), 
the inventor of logarithms, who also made other contributions to 
trigonometry. 

25. /Additional Formulas Jor Sides and Angles. — By transposing 
the second fundamental formula (3), 

sin c sin a cos l3 = cos b—cos c cos 

and by substituting in this the value of cos a from the first of (3), 
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sin c sin a cos l3= cos — cos r(cos ^ cos c+sin b sin c cos a) 

= cos — cos b COS' c — sin b sin c cos c cos a 

= cos b(l —cos" r) — sin b sin c cos c cos a 

= cos b sin" c— sin b sin c cos c cos a. 

sin c sin a cos fS= (cos b sin ^ — sin b cos r cos a) sin c. 

sin a cos (3 = cos b sin r— sin b cos c cos «. (25) 

Two other similar formulas are obtained by permuting the parts. 

Applying Art. IS, to (25) and then omitting the prime 

marks for the polar triangle (from a', /3', 7 ', a\ //, r'), we get 

sin a cos <J = cos /3 sin 7 — sin /3 cos 7 cos a, (26) 

We have from the first sine proportion of (4) sin a sin i5 = sin b 
sin a; dividing (25) by this equation, we have 

cot h sin f — cos c sin a 

cot 0 = . - . 

sin a 

sin ot cot cot b sin c— cos c sin a. (27) 

Transposing this, 

sin c cot ^ = sin a cot p-^cos c sin a, 

and, on permuting the sides and angles of this equation in order, 
we get 

sin a cot ^ = cot P sin 7 + cos a cos 7 . (28) 

Two other similar formulas may be obtained from each of (27) 
and (28) by permuting the parts in the same way. 

26. Formulas for Spherical Excess, — By definition, the spherical 
excess of a spherical triangle, measured in degrees, is 

£=a-|-/34-7 — 180°. 

When the three angles are given or have been computed, this re- 
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lation gives K directly, and the area of the triangle is then found 
by the formulas of Art. 16 when the radius of the sphere is known. 

A formula which gives E in terms of the three sides is found as 
follows: 

E sm\E sm ^(a+P+y — T) 

tan 1 “= r; . 

4 cos 4 A cos 4(a:+/3+7 — tt) 


Multiplying numerator and denominator of the last fraction by 
2 cos \{a+p+7r — y)y 


E^ lcos l[(a+P) + (T-y)]s \n |[ (Qf+/g) - ( tt-t) ] 
'''' 4 2 cos i[(a+/3) + (7r~7)] co7iT(«+/?) ~ (7r-7)] 


sin 2(0:+/^)— sin ^(tt — 7) 
cos ^(«+rt+cos ICtt — 7)’ 


by (17), (18), Art. 7. 


E sin 2(«+/i^)“Cos I7 

tan - , = ;; r-, 

4 cos .}(a+/ 3 ) + sm ^7 


(29) 


Now by the first two of Delambre’s Equations (23), 

^ cos^(rt-^) 7 

sm 2 («+/?)= 


0^ 


cos 


1/ . cosl ( a + i ) . 7 
cos 2 {a+P) = sin 


cos “ 

2 


Substituting these in (29), 
cos — 


7 7 

cos “ — cos “ 
2 2 


E 

tan " = 


cos 


4 cos \{ a + b ) . 7 , . 7 

3, 

COS- 


(30) 
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cos Ic 



COS -|(^+^)+cos sin - 

7 

cos — 

2 sin jja—i+c) sin l(-a+i+ c) 2 by (18), 

2 cos j(a+^+f) cos \{a-\-b—c) . 7’ Art. 7. 


sin T(rt — ^+f) sin j( — <j+^+c) 7 

— cot 

cos \{a-\-b+c) cos \{a-{-b—c) 2 

E sin h(s — b) sin h(s — a) y 

tan — = y7 ^ — cot *- 

4 cos f J cos — c) 2 


( 31 ) 


Now by inverting the third of the formulas (IS) and using (14) 
we find 

7 / sin J sin (j — f) 

cot - = ; r> 

2 ^sin {S'- a) sin {s—b) 

and this, in (31), gives 

E_^sin ^(s—b) sin j(s — a) j sin s sin (s — c) 

4 cos cos ^(j — c) ^sin {s — a) sin {s — by 


sin ^{s — b) sin \ {s — a) 
cos ^ j cos 2 {s — c) 


X 


/ 2 sin cos ^J-2 sin 2 ('^“"^) cos ^{s — c) 

^ 2 sin cos - 2 (s — a)-2 sin ^(s — b) cos ^(s — b)' 

2 E^ sin^ i(s-b) sin^ i(s — a) 

4 cos^ cos^ ^2 ^) 

sin \s cos sin 2 (-^"“^) cos ^(j — c) 
sin ^(s — a) cos ^{s — a) sin ^{s — b) cos ^{s—b) 
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2 E sin • sin_^^ -a) - si n (j— ^)- sin 2 ( j c) 

4 cos ^J'COS j(j — fl)*COS -^(j — ^)’COS §(j — c) 

= tan ^j-tan ^(j— «)- tan ^(j— ^)-tan ^{s—c) 

tan ^ = V tan tan ^ {s — a) tan -j (j — 1 >) tan ^ (j — c) . ( 32 ) 

This formula gives the spherical excess E in terms of the sides 
a, b, c, where s=\ {a+b+c). It is known as Lhtiillier’ s Formula. 

Another convenient formula which gives E in terms of any two 
sides and their included angle is found as follows: 

. E 

E *'”2 sin ^( a+/3+Y— tt) cos ^(ot+^+7) 

tan 2= ^’“cos ■2(a+^+7-’r) sin l{a+fi+y) 

cos ^ 

Now 

— cos I {a+(i+y) = —cos [■2(a+^)+‘2'7] 

= - [cos Ka+zS) cos ^7 -sin ^(a+/ 3 ) sin I7] 
= sin -2(a+/3) sin ^7 — cos 2(0+^) cos 57, 
and sin i («+^+7) = sin cos ^7+cos K“+^) sin | 7 - 

-2-(a+|8) cos §7 
2 “sin -^(«+j 3 ) cos h+™s -^a+ld) sin ^y 

Substituting ( 30 ) for sin ^(a+^) nnd cos 5(0!+^), and reducing, 
this becomes 

^ sin ^ cos “ [cos l{a — i) — cos ^{a+i)] 

E 2 2 

tan -- “■ "• 

cos 2 {a-E} cos*' ^+cos -2-(«+^) sin^ - y' ^ 
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#y O Y 1 

But cos^ ::; = ^(l+cos 7 ) and sin^ ^ = 2(1 —cos 7)- Hence tan 


E 


. y tF^ . a . 

sin -cos sin sin 


^[cos t5(^-^)+cos ^(^ 2 +/^)]+^[cos — /v') — cos ^{a+i)] cos 7 

. a , b 


sin - sin - sin 7 


a b \ . a , b 
cos cos ^ + sin - sin ^ 


, since sin - cos 2 = sin 7 


cos 7 


Dividing numerator and denominator of this fraction by cos ^ cos 
we get finally, 


a b . 

^ tan ^ tan ' sin 7 
E 7 7' 


tan - - = 


1 + tan ^ tan - cos 7 


(33) 


which gives E in terms of the two sides rf, b and their included 
angle 7 . The same formula serves for b^ Cy a and for c, ay (3 on 
changing symbols. 

On inverting (33), it becomes 


cot 


E 

2 


a b 
cot- cot- 

; hcot 7 , 

sin 7 


(34) 


with corresponding formulas for by r, a and c, 

This completes a list of formulas sufficient for our purposes. 
In the general theory of spherical triangles many more such for- 
mulas are derived but those derived above include all that we will 
need for the numerical solution of any spherical triangle. These 
are used in the next two chapters. 
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Exercises 

1 . By means of a figure similar to Fig. 17, with tangents drawn at 5, derive 
the second of formulas (3). 

2. Similarly, with tangents at C, derive the thin! of formulas (3). 

3. By the method of Art. 18, writing sin^ /i = 1 — cos'^ /3, and solving the second 
of formulas (3) for cos f^y derive the expression for sin /i/sin b, 

4. Similarly derive the expression for sin 7/sin c, 

5. By means of a figure similar to Fig. 18, with the perpendicular drawn to 
plane OAB from a point on OC, prove that sin at/ sin ^ = sin ji/sin h, 

fi. By the method of Art. 20, applying the second of formulas (3) to the polar of 
SABCy derive the second of formulas (8). 

7. Similarly derive the third of formulas (8). 

8 . B> the method of Art. 21, using the second of formulas (3) and applying (11), 
derive the second of formulas (12). 

9. Similaily derive the third of formulas (12). 

10. By the method used in Art. 21 to derive the first of formulas (13), derive the 
second of formulas (13). 

11. Similarly derive the third of formulas (13). 

12. A small circle drawn on the surface of a sphere tangent to the sides of a 
spherical triangle is called the inscribed circle of the triangle. The arc of a great 
ciiclc drawn from the pole of the inscribed circle to its circumference is called the 
radius of the inscribed circle. Prove that the radius (r) of the inscribed circle is 
given by formula (14). 

13. Prove by the use of the first of formulas (15) that 

« . y 

tan r=sin a sec - ~ sin 

2 2 2 

14. A small circle drawn on the surface of a sphere and passing through the 
vertices of a spherical triangle is called the ctrcunucrtbed circle of the triangle, and 
the radius of the circle is defined as in Fa 12. Prove that the radius (/^) of the 
circumscribed circle is given by either of formulas (20) and hence by (19). 

15. Prove by the use of the fiist of formulas (20) that 

r, . . ^ ^ 

tan A = sin ot sin - sec - sec -• 

2 2 2 

16. Show that in an equilateral spherical tiiangle tan R = 2 tan r. 

17. By the method used in Art. 25 to derne formula (27), derive a similar for- 
mula for sin /3 cot 7. 

18. Similarly, deiivc the corresponding expression for sin 7 cot a, 

19. Write the formula for sin b cot c corresponding to (28). 

20. Similarly write the corresponding foimula for sin c cot a. 
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Solution of Spherical Right Triangles 

27. Solutions of Spherical Right Triayigles . — As with plane tri- 
angles the solution of a spherical triangle is the operation of find- 
ing the v'alues of the remaining unknown parts w'hen certain of 
its parts are given. One of the six parts of a spherical right triangle 
being fixed and known (the right angle, 90°), five parts are sub- 
ject to variation, and two more parts must be given in each case 
in order to find the remaining three parts. 

Two of five parts may be given in six different w^ays, as follows: 

Case I. The hypotenuse and an angle. 

II. The hypotenuse and a leg. 

III. The two angles (other than 90°). 

IV. The tw'o legs. 

V. An angle and the adjacent leg. 

VI. An angle and the opposite leg. 

It will be noted that the spherical right triangle may be solved 
when the two angles (other than the right angle) are given. I'his 
is true because the triangle is completely determined, as any change 
of shape also entails a change of size of the triangle on a given 
sphere. This is not true of a triangle in a plane with straight sides. 

As the trigonometric functions of the sides as well as of the 
angles are involved, the spherical triangle cannot be solved by 
means of the slide rule as plane triangles are solved, and as the 
formulas are somewhat more complicated than those of plane tri- 
angles, direct solutions by means of natural functions are not so 
simple and convenient. All computation is, therefore, to be done 
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with logarithms. In this book five figures are to be used and all 
angular values are to be expressed in degree measure to the near- 
est whole second. 

Methods of laying out the work are given in the following art- 
icles and these should be followed in all work. 

Solution formulas for spherical right triangles will now be de- 
veloped from the general formulas of the preceding chapter, for 
all of the SIX cases given above. 

28. Solution Formulas for Right Tria7igl€S . — We have from the 
fundamental formulas (3), Art. 17, 



cos r = cos a cos ^+sin a sin b cos 7 . 

(a) 

From ( 8 ), Art. 20 , 

[ cos a= — cos cos 7 +sin (3 sin 7 cos 
[ cos 7 = — cos a cos jS+sin a sin i3 cos c. 

(^) 

(c) 

From (4), Art. 18, 

sin a sin b sin c 
sin a sin ^ sin 7 

W 

From (25), Art. 25, 

sin a cos 7 = cos c sin sin c cos b cos a. 

{«) 

From (27), Art. 25, 

sin 7 cot a = cot a sin cos b cos 7 . 

if) 

Unless otherwise specified we shall always let the right angle of 
a right triangle be at C, with side c as the hypotenuse and sides 
b as the legs. Then 7 = 90®, sin 7 = 1 , cos 7 = 0 , and the formu- 
las {a) to (/*) give the following formulas for spherical right triangles. 

From {a)y 

cos c = cos a cos b. 

( 1 ) 

From (r), 

cos c = cot a cot 

( 2 ) 

From (b)y 

cos a = sin 0 cos a. 

(3) 

Permuting (3), 

cos 0 = sin a cos b. 

i-i) 

From {e)y 

cos a = tan b cot r. 

(5) 

Permuting (5), 

cos 0 = tan a cot c. 

( 6 ) 
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From {d). 

[sin ^ = sin c sin ac, 

(7) 

(8) 

(sin ^ = sin c sin jS. 

From (/), 

sin i = tan a cot a. 

(9) 

Permuting (9), 

sin rt = tan b cot 

(10) 


These ten formulas are sufficient for the solution of any spheri- 
cal right triangle in which any two parts besides the right angle 
are given. 

29. Napiers .\11 of the ten solution formulas given 

above may be easily written out by means of two simple rules de- 
vised by Baron Napier, the inventor of logarithms. 



(a) ih) fc) 

Fio. 19. 


Omitting the right angle and taking the complements of the hy- 
potenuse and the other angles, he called the five parts a, co-/3 = 
/3', co-r = c', co-a = a, the circular parts of the spherical right tri- 
angle (Fig. 19(a)), and marked the figure as in b'lg. The 

order of the “circular parts” of (^) is shown in Fig. 19(c). 

If we consider any three of the five circular parts, either one 
will lie between the other two, being “adjacent” to both; or one 
will be “opposite” the other two, being separated from them by 
the two remaining parts. 
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Thus of the parts a\ part b is between and “adjacent” to 
a\ of the parts b, c\ i3', b is “opposite” c' and being separated 
from them by a and a \ of the parts c\ ol\ a is “opposite” c' 
and cl ^ being separated from them by b and One or the other 
of these relations will always be true for any three parts of the five 
(omitting the right angle). 

Napier called that one of any three parts which is either ad- 
jacent to or opposite the other two, the middle part, and the other 
two the adjacent parts or opposite parts, respectively, as the case 
may be. 

Napier’s two Rules oj Circular Parts are then: 

A. The sine of the middle part is equal to the product of the tan- 
gents of the adjacent parts. 

B. The sine of the middle part is equal to the product of the cosines 
of the opposite parts. 

The rules may be easily remembered by the i in the words sine 
and middle, the a in tangent and adjacent, and the o in cosine 
and opposite. 

As an example of the use of the rules, suppose in a right tri- 
angle solution b given and a, /?, c to be found. To find a we re- 
quire the formula containing by a. Considering the circular 
parts ay by co-a = a', the circle diagram shows that b is the middle 
part and ay a are adjacent parts. By Rule (A), sin /? = tan a tan 
Q:' = tan a cot «, which is solution formula (9), Art. 28. 

To find /i: considering Uy by d' the diagram shows a is the mid- 
dle part and by adjacent parts. By Rule (A), sin ^ = tan b tan 
j3' = tan b cot /3, which is solution formula (10). 

To find c: d is the middle part and ay b opposite parts. By 
Rule (B), sin c' = cos a cos by or cos c = cos a cos by which is for- 
mula (1). 

A check or verification formula for the solution may be found 
by considering the three required parts together a', d . Here d 
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is the middle part and a', adjacent. By Rule (A), sin c' = tan 
a tan 0', or cos c = cota cot formula (2). 

Similarly the required formulas for any solution may be chosen 
from the list (I)-(IO) or written out by Napier’s Rules of circular 
parts. 

30. Qiiadrayit in which a Coynpiited Part Lies, — As all the parts 
(angles and sides) of a spherical triangle are less than 180°, the 
sign of the function determines the value of a computed part, that 
is, the quadrant in which it lies, when the part is found from its 
cosine, tangent, or cotangent. If it is found from the sine func- 
tion it may lie in either the first or second quadrant, as the sine 
function is positive in both those quadrants. (See chart, p. 13.) 

Except in the particular case of a double solution ((E), below) 
the proper quadrant for a part (angle or side) found from its sine 
may always be determined by one of the two following principles. 

C. In a spherical right triangle a leg and its opposite angle are 
always in the same quadrant. 

For we have, formula (3), cos a = sin 0 cos a^ and since sin 
is always positive (/3<180°), cos a and cos a must have the same 
sign; that is, a and a must be either both less or both greater than 
90°, 

D. JVhen the two legs are both in the same quadrant the hypote- 
nuse is less than 90°; and when the legs are in different quad- 
rants the hypotenuse is greater than 90°, 

This follows from formula (1), cos r = cos a cos b. For a and 
b are in the same quadrant, cos a and cos b have like signs and 
their product, cos r, is positive, and c is in the first quadrant, i.e., 
r<90°. If b are in different quadrants their cosines have unlike 
signs and cos c is negative; hence c is in the second quadrant, i.e., 
r>90°. The relations (C) and (D) are known as the Rules of 
Species. 
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E. When the two given parts of a spherical right triangle are a 
leg and its opposite angle^ there are always two solutions. 

For in this case (Case VI) we have given a or 6, and there- 
fore use one of formulas (3), (7), (9) or (4), (8), (10); in each the 
unknown part is found from its sine, and may therefore be in 
either the first or second quadrant. 

This is the only case in which the Rules of Species do not en- 
able us to determine the quadrant in which the computed part 
lies. It is called the a^nbiguous case of spherical right triangles. 

31. Case I: Hypotenuse and Angle Given , — Suppose the given 
parts are f = 129° 14.6', a = 43° 15.7'. The required parts are then 
ay by 0y and the three solution formulas, each containing both the 
given parts and only one required part are the formulas (7), (5), 
(2), respectively: 

sin ^ = sin c sin a, cos a = tan b cot c, cos c = cot a cot /3. 
Solving these for the required parts: 

sin ^? = sin r sin a, tan b = tan c cos a, cot (3 = cos c tan a. 

The logarithmic solutions are, therefore: 

log sin ^ = log sin r+log sin a, 
log tan ^ = log tan c+log cos a, 
log cot i3 = log cos r+log tan a. 

The work is laid out as follows, the figure showing the relation 
of the parts. The figure should always be drawn, but the logarith- 
mic formulas may be omitted, as the solution formulas show what 
operations are to be performed. This form should always be used. 
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B 



14' 24" 
a=43^ 15' 42" 


log sin 129^ 14' 24" = 9.88900- 10 
(-h)log sin 43° 15' 42" = 9.83590- 10 


log sin rf = 9 72490—10 
tf = 32° 3' 24" 

log tan 129= 14' 24"= 10.08786 -10(w) 
(4-)log cos 43° 15' 42"= 9.86227-10 

log tan ^ = 9.95013 — 10(/;) 
^=138° 16' 58" 


ij = 32° 3' 24" 
^=138° 16' 58" 
/3=120° 46' 2" 


sin a = sin c sin a 
tan b = tan c cos a 
cot ^5 = cos c tan a 


log cos 129° 14' 24" = 9.801 14- 10(/;) 
(+)log tan 43° 15' 42" = 9.97363- 10 


log cot |Ji = 9 77477— 10(w) 
/i=120° 46' 2" 


The complete form should be laid out before any logarithms 
are read from the tables, the spaces for the required parts being 
provided, to be filled m after the computations are completed. 

The logarithms should all be read and written down before 
the computations are begun. 

All the computations should then be performed before any an- 
ti-logarithms are read. 

Each anti-logarithm should be written in its proper place in 
the right hand column as it is read, and finally all three results 
should be copied in the spaces provided in the left column. 

In the model solution given above the sign in parentheses pre- 
ceding a logarithm indicates whether that logarithm is to be added 
or subtracted. 

The letter («) following a logarithm indicates that the natural 
function is negative. All functions are to be treated as if they were 
positive in the computations and the sign of the result determined 
by the usual algebraic rules of signs in the solution formulas at 
the left, those which are negative being indicated by the symbol 
(«). 
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Thus in the first solution formula in the solution above, both 
factors are positive and hence the product is positive; in each of 
the second and third, one factor is negative and hence the product 
is negative. 

The sign of the product functions tangent and cotangent show 
that 1/ and /3 are in the second quadrant (>90°). 

In determining the quadrant for a we must use (C), Art. 30. 
Here a is in the first quadrant (43° 15' 42") and hence also a<90^. 

The check formula for the solution just finished, containing 
the three computed parts, is formula (10), Art. 28. Every solu- 
tion should be checked by the appropriate formula, using the 
logs already used. Thus here it is found that log sin fl = log tan i 
+ log cot /J. 

Exercises 


Solve the following spherical right triangles by the method illustrated above. 


1. /-IKr 
/^=--48° 28M6". 

2. 20' 30" 
a = 55'^ 18' 13". 

3. f- 54" 20' 

a -46" 49' 43". 

4. f-87" ir40" 
/3 = 32" 42' 39". 


5. f-69" 25' 11" 
a = 54" 54' 42". 

6. r=112" 48' 

a = 56" 11' 56". 

7. f =46°40' 12" 
a = 37" 46' 9" 

8. 118" 40' 1" 
«=128" 0' 4". 


9. r=110"46' 20" 
a = 80" 10' 30". 

10 (: = 98M4'24" 
>3= 101" 47' 56". 

11. f = 87" 58' 
a = 34^ 7' 41". 

12 r = 3:"40'20" 
d = 0" 43' 32". 


32. Case II: Hypotenuse and Leg Given , — As the solution for- 
mulas (I)-(IO) of Art. 28 are all of the same form, the solutions of 
all cases of spherical right triangles are very similar in form, and 
detailed solutions will, therefore, not be given here for every case. 
The solution formulas will be given for every case for one choice 
of the given parts. If a different pair of the parts is given in an 
exercise the formulas may be easily selected from the list in Art. 28 
or written out by means of Napier’s Rules. 

In Case II the given parts are the hypotenuse and a leg. Sup- 
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pose we have given c and a. The required }>arts are by a, p and the 
proper formulas of Art. 28 are (1), (7), (6): 

cos c = cos ii cos by sin ^ = sin c sin a, cos = tan a cot c. 

Solving for the required parts: 

, cos c . sin a tan a 

cos^ = — , sina=. — , cos/3 = 

cos a sin c tan c 

are the solution formulas. The logarithmic forms are 

log cos b = log cos c — log cos ay 

log sin a = Iog sin a --log sin r, 

log cos = log tan a — log tan c. 

The work is to be laid out and the solution carried through as 
in Art. 31, using 5-place tables and reading the results to the near- 
est w’hole second of angle or arc. 

The check formula is (4), cos/3==sin a cos b, or log sin a+log 
cos ^=log cos /3, and the sum of the first two logarithms, as used 
or found in the solution, must be equal to the third in this equation. 

33. Case III: Two Angles Given. — \Vc have given a, fiy to find 
ay by €. The formulas are cos a = sin cos ay cos /3==sin a cos by 
cos f = cot a cot /3, or, solved, 

' cos a cos P 

cosa = - — , cos^= . cos r = cot a cot 
sin 0 sin a 

The logarithmic formulas are written out from these at once. 

34. Case IF: Legs Given. — Given b; to find a, 0y c. The for- 

mulas are 

sin b = tan a cot a, sin a = tan b cot /5, cos c = cos a cos b, 

sin ^ sin a , 

/. cota = , cot/3= cos c = cos cos 

tan a tan b 

with the corresponding logarithmic formulas. 
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35. Case F: /Ingle and Adjacent Leg Given . — Suppose ay P given, 
to find a, iy c. The final solution formulas are 

• ^ 7 • « cos /3 

cos a = sin p cos ay tan ^ = sin tan p, cot c = . 

tan a 

36. Case FI: Angle and Opposite Leg Given . — This is the am- 

biguous case and an example will be worked out. Suppose « = 
160° 12 . 2 ', 150° 37', to find by c, p. The final solution formulas 

are 

. , tan a . sin ^ . cos a 

sinb= ~y smc= . - , sini3 = . 

tan a sin a cos a 


One of the figures is given. 


n 



./=- IMr 12' 12" 
a- 150' M' 


^^39" 44' 6" 
20' 54" 
52' 12" 

^'-140" 15' 54" 
i'-4.r yy 6" 
/i'-112° 9' 48" 

. tan a 
sin^= - - 
tan a 

. sin a 
sinr = -; - 
sin a 

. cos a 

sin^= 

cos a 


log tan 160*^ 12' 12" = 9.55625- 10(w) 
(-)log tan 150° 37'- 9.75058 -10(;;) 

log sin ^ = 9.80567—10 
^ = 39° 44' 6" 
^'=140° 15' 54" 

log sin 160° 12' 12" = 9 52979-10 
(-)log sin 150^ 37 ' = 9.69077 -10 

log sin f = 9.83902- 10 
c' = 43° 39' 6" 
(r=136° 20' 54" 

log cos 150° 37' = 9.94020- 10(«) 
(-)log cos 160° 12' 12" T= 9.97354- 10(«) 

log sin /3 = 9.96666 — 10 
#3 = 67° 50' 12" 
/5'=112° 9' 48" 
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In the first formula both tangents are negative; hence sin b is 
positive. In the second all three sines are positive. In the third 
both cosines are negative, and sin is positive. 

Both values of each computed result must be used (Art. 30). 
The three which are to be used together to form each solution are 
determined by the Rules of S pedes y as follows: 

One solution: a >90°, < 2 >90°; ^<90°, b<90° (C); 

hence ^>90°, by (D). 

Other solution: a >90°, ^>90°; jS>90°, ^>90° (C); 

hence c<90°, by (D). 

Thus if the values marked by r, & are chosen as one solution, their 
supplements b\ c\ (3' must form the other solution. 

37. Solution of QuadrayUal Triangles , — A quadrantal triangle 
has a side (or sides) equal to a quadrant. The polar of a quadrantal 
triangle (Art. 15) therefore has a right angle, the supplement of 
the quadrant side, and may therefore be solved by the methods 
already given. The required parts of the given quadrantal tri- 
angle are then found as the supplements of the corresponding com- 
puted parts of the polar. 

The exercises which follow include all cases of spherical right 
triangles, including also quadrantal triangles. They are to be 
solved by the methods of this chapter. 
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1. 

a 

= 36“ 

IT 


3 

=43“ 

32' 31". 

2. 

a 

= 86“ 

40' 


3 

= 32“ 

40'. 

3. 

a 

0 

0 

11 



3 

= 36“ 

54' 49". 

4. 

a 

= 120 

“ 10' 


3 

= 150 

“ 59' 44". 

5. 

c 

= 55“ 

9' 32" 


a 

= 22“ 

15' 7". 

6. 

c 

= 23“ 

49' 51" 


a 

= 14° 

16' 35". 

7. 


= 44“ 

33' 17" 


a 

= 32“ 

9' 17". 

8. 

c 

= 97“ 

13' 4" 


a 

= 132 

“ 14' 12". 

9. 

a 

0 

II 

21' 50" 


a 

II 

00 

0 

56' 40". 

10. 

a 

0 

II 

21' 50" 


a 

= 40“ 

40' 40". 

11. 

a 

= 92“ 

47' 32" 



= 50“ 

2' 1". 

12. 

a 

= 2' 0' 55" 



= 12“ 

40'. 

13. 

a 

= 20“ 

20' 20" 


ti 

= 38“ 

10' 10". 

14. 

a 

= 54“ 

30' 


fi 

= 35“ 

30'. 

15. 

a 

II 

0 

0 

15' 12" 



= 135 

“ 33' 39". 

16. 

a 

= 116 

“ 43' 12" 


a 

= 116 

“ 31' 25". 


Exercises 

17. a=46‘* 59' 42" 
^-57° 59' 17". 

18. a = 90® 

^ = 88“ 24' 35". 

19. <r = 75®0'24" 
«=32® 56'. 

20. tr=100® 12' 

^ = 40° 30' 12". 

21. a = 30‘’ 512' 
/3==7r 36'. 

22. a =130“ 20' 
/3=100“ 10.9'. 

23. tf=43’20' 

^ = 7i“ 13'. 

24. d = 100“ 

i^ = 98“ 20'. 

25. ^ = 66“ 29' 
a = 50“ 17'. 

26. <*=24“41' 
^=140“ 34.7'. 

27. =40“ 42.4' 
r=63“ 20'. 

28. d = 70° 15.5' 
a = 8l“42 7'. 

29. ^=30“ 32,4' 
a = 36“ 44'. 

30. f = 72“ 10' 
a = 30“ 43'. 

31. a =106“ 34.2' 

^ = 33“ 11.7'. 

32. tf=28“47' 
^=110“ 27.3'. 


33. f = 54“ 12.2' 
/3=164“ 50.4'. 

34. fl=40“8' 

/3 = 74“ 30.2'. 

35. f = 102“36' 
a=125° 13' 24". 

36. a =40“ 42' 24" 

/3 = 67“ 51' 36". 

37. ^=163“ 14' 12" 
£:=112“ 41' 48". 

38. «=130“30' 12" 
3 = 140“ 12'. 

39. f = 50“ 20' 12" 
/3=101“ 29' 24". 

40. 3=10“ 10' 12" 

/3 = 15“40' 24". 

41. r = 90“ 

7-98“ 22' 42" 
a = 150“ 47'. 

42. f = 90“ 

a =121“ 30' 

/3 = 112“ 16' 12". 

43. f = 90“ 
tf=138“47' 48" 
3 = 107“ 54' 54". 

44. f=90“ 
tf=112“ 6' 30" 

7 = 74“ 30'. 

45. f = 90“ 

« = 94“ 22' 12" 
a=108“ 13' 18". 



CHAPTER V 


Solution of Oblique Spherical Triangles 

38. Solutionis of Oblique Spherical Triangles , — An oblique spher- 
ical triangle is a spherical triangle which has no right angle. Each 
of the six parts may therefore have any value less than 180°. 

It is show'n in geometry that any such triangle may he con- 
structed (in trigonometry, sohed) when any three of its six parts 
are given. There are six ways in which three of the six parts may 
be given: 

Case I. The three sides. 

II. The three angles. 

III. Tw^o sides and their included angle. 

IV. Two angles and their included side. 

V. Two sides and the angle opposite one. 

VI. Two angles and the side opposite one. 

In certain applications it may be necessary to find only one or 
two of the three unknown parts, and for such cases special methods 
and formulas are developed from the formulas of Chapter HI. In 
this chapter, however, we shall give only the standard complete 
solution for each case, except Case IH. 

These will be taken up in order and an illustrative solution 
worked out for each, after the solution formulas are developed. 

39. Solution Formulas , — Any oblique spherical triangle may he 
solved by means of the following formulas, which are derivetl in 
Chapter III. 


sin a sin b sin c 
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OL T . 

tan_ = ---^ j = 2(«+^+f). 


tan r 


2 sin — 


sin {s — a) sin {s — b) sin {s — c) 


sin s 


/3 Y 

and two similar formulas for . 


tan = tan A’ cos (A — a), A = \ (a+/3+7), 


tan 




^cos (*S’ — a) cos (S — 8 


(S — a) cos (S — (3) cos (6’ — 7)^ 


b c 


and two similar formulas for 

o’ o 


( 2 ) 


( 3 ) 


^ • 1 / 
tan - sm 


tan (<?-/>)= , 

sin 2(«+W 

( 4 ) 

C y . . 

tan -^ cos 


tan.^(rt+/0- - 1/ , . 

cos 2(«+W 

( 5 ) 

•y 

cot - sin \ (a — b) 


tan.i(a-^)= • i, , /x > 

sin ^(a+b) 

(6) 

cot ~ cos \ (a — b) 


tan lia+H)- 1, , ,x > 

cos i(a+b) 

( 7 ) 


and formulas similar to the last four for by c and r, a; jCJ, 7 and 7, a. 
The spherical excess, £, of any spherical triangle may be found 
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from the given or computed parts by means of the following for- 
mulas: 

jE = — 180°. (8) 

a b 
E 

cot- = 1- cot 7 , (9) 

2 sin 7 

and two similar formulas for Cy a and 

E I s 

tan — = 'Ytan- tan — «) tan — tan — (10) 


With E expressed in degrees the area of the triangle on a sphere 
of radius R or diameter D is 

When E is expressed in radians 

K^ER?^\ED^. 

The lengths of the sides of the triangle are 

a = Ruy b = Rby c = Rc 

when Uy by c are expressed in radians. 

40. Quadrant in which a Computed Part Lies . — The quadrant 
in w'hich a computed part of an oblique spherical triangle lies can 
always be determined by means of two rules: 

Pi.. If a side {or angle) differs more than another side {or angle) 
from 90^ it lies in the same quadrant as its opposite angle {or 
side). 


( 11 ) 

( 12 ) 

(13) 


To prove this, we have from the first fundamental formula (3), 
Art. 17, 


cos — cos b cos c 


cos a = 


sin b sin c 


(14) 
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Since i and c are each <180® sin iy sin c are both positive and hence 
the denominator of the fraction in (14) is positive. The sign of 
the fraction, and hence of cos a, is therefore the same as that of 
the numerator. 

But if a differs from 90° more than by cos ^^>cos by numerically, 
and hence cos «>cos b cos r, since cos r < 1 . Therefore the numer- 
ator has the same sign as cos a. 

Therefore cos a and cos a have the same sign, and hence ay a 
are in the same quadrant. Similarly by 0 would be in the same 
quadrant, and also f, 7 . 

We have also, from the first of ( 8 ), Art. 20 , 


cos a = 


cos a 4 - cos cos 7 
sin sin 7 


and reasoning from this formula as above from (14), it is shown 
that when a differs from 90° more than or 7 , a and a are in the 
same quadrant; and similarly for b and 7 , c, 

B. Half the sum of two sides ynust lie in the same quadrant as 
half the sum of the two opposite angles. 

For, from (5), 

tan ^(^+^)-cos §(a+j3) = tan^-cos f(a-/3), (15) 

and in this ^<90° and a — /3<180°, or ^(a— /3)<90°. Hence both 

factors on the right of (15), and also their product, are positive. 
Therefore the product on the left of (15) is positive; hence tan 
\{a-\-b) and cos I{a+I3) have the same sign, and \{a-{-b)y §(a+j:^) 
are both in the first or both in the second quadrant. 

Similarly the half sum of by c and /S, 7 are in the same quad- 
rant; and likewise f, a and 7 , a. 

(A) and (B) are called the Rules of Species for oblique spherical 
triangles. 
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41. Case I: Three Sides Given , — In this case the three angles 
are found by means of the formulas (2), Art. 39. The logarithmic 
operations are obvious from the formulas, and the work is laid out 
as follows, given 114° 43' 18", ^=136° 19' 36",f = 43° 18' 30". 



43' 18" 
^=136° 19' 36" 
f = 43° 18' 30" 


a = 76® 48' 24" 
/^=132° IS' 12" 
7 = 47M9' 24" 


tan r= 


4 


sin(j— a) sin(j— Mn(j— f) 



r 

sin (s—a) 

r 

sin (j— 


7 r 

: 

2 sin (j— 0 


rt-=114MV 18" 
19' 36" 
18' 30" 


=294' 21' 24" 
j=147^ 10' 42" 
j— rf = 32 ’ 27' 24" 
s-i^^Ur 51' 6" 
j-r=103^ 52' 12" 

log sin 32° 2"'' 24"-9.72970-~ 10 
(-f)log sin 10" 51' 6"-9 27478-10 
(+)logsin 103° 52' 1 2" = 9 98714- 10 

log Prod =28 99162— 10 
(-)log sin 147° lo' 42"= 9 73402-10 

log tan“ r=2 log tan r= 19 25760—20 
log tan r= 9 62880-10 
(-)log sin 32° 27' 24"= 9 72970- 10 
(-)logsin 10" 51'6"= 9 27478-10 
(-)logsin 103° 52' 12"= 9 98714-10 


log tan "=-9 89910-10 
2 

log tan ^ = 0.35402 

2 

log tan " = 9.64166—10 

2 

" = 38° 24' 12" 

2 

^=66'’ 7' 36" 

2 


-=23° 39' 42" 
2 
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The procedure in making out the form (including finding s, 
s — a, s — lf, s — c) and reading the logarithms and anti-logarithms, is 

a (3 y 

the same as that described in Art. 31. The values of - are 

the hast values read from the table, and these are entered on the 
scjlution sheet in the position shown, as they are read. Finally 
each of these three values is doubled and the results entered in 
the left hand column in the spaces already provided for a, /3, 7. 

'rhe check formula is the sine proportion (1), used in the loga- 
rithmic form, (log sin — log sin a) = (log sin /» — Iog sin /3) = (log 
sin — log sin 7). If these three differences are equal the solution 
is correct. 

'I'he spherical excess of the triangle is 7i= (a:+i3+7) — 180° = 
256° 23'— 180° = 76° 23'. It is computed independently from the 
given data (rt, c) by formula (10), 

}7 j. 

tan "- = \ftan - tan — tan '|(j — tan — 

4 ^ 2 

as follows, using the values of Sy s — ay s — iy s — c found in the solu- 
tion of the triangle. 

- = 73° 35' 21" 

o 

= 13' 42" 

l(s-/0^ 5" 25' 33" 

10-r) = 5r‘56' 6" 

Io« tan 73° 35' 21" =0 53089 
(4-)Iog tan IV 42" = 9 4f)399-10 
(4-)1 oi 5 tan 5° 25' 33" = 8 9-'7s4-10 
(-l-)lou: tan 51° 56' 6"=0.106l8 

log tair =2 log tan -- = 19.07870—20 
4 4 


log tan =9.53935-10 
4 

-= 19 ° S' 45" 

4 

E=~(>°2y0" 
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This is the value found as a+i3+7— 180°. 

If E is to be used for computing the area of the triangle, it 
must be expressed in degrees alone. Thus 76° 23^ = 1G% 0 ° = 76.383°. 

When the radius R of the sphere is given, the area of this tri- 
angle is 

A:-(^^y-1.3332R=, 

in square units of the kind in which R is expressed. 


Exercises 


Solve anil check the following triangles, compute the spherical excess from the 
sides and check by the angles, and find the area on a sphere of two feet diameter. 


Xo 

a 

b 

C 

j Xo 

a 

b 

C 

1 

120® 55' 35" 

59° 4' 25" 

106® 10' 25 " 

10 

100® 

50® 

60® 

2 

50® 12' 4" 

116° 44' 48" 

129° 11' 42" 

11 

10® 

7® 

4® 

3 

131® 35' 4" 

108® 30' 14" 

84® 46' 34" 

12 

70® 14' 20" 

49® 24' 10" 

38® 46' 10" 

4 

20® 16' 38" 

56° 19' 40" 

66° 20' 44" 

1 3 

138° 4' 

109® 4l' 

90® 

5 

124® 12' 31" 

54° 18' 16" 

97® 12' 25" 

14 

76® 35' 36" 

50® 10' 30" 

40® 0' 10" 

6 

76® 40 4' 

54® 21 3' 

36® 8 7' 

15 

56® 37' 

108° 14' 

75° 29' 

7 

124® 34 O' 

66° 7 2' 

109® 43 5" 

16 

145® 46' 

67® 24' 

132® 11' 

8 

30® 17 6' 

22° 14 4' 

18® 51 8' 

17 

33® 4' 

74® 16' 

94® 18' 

9 

1 30® 46 0' 

113® 21 4' 

102° 16 2' 

18 

62® 54' 4" 

12S° 20' 

131® 30' 
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42. Case II: Three Angles Given . — In this case the three sides 
are found by formulas (3). Suppose a = 116° 19' 24", /5 = 83° 19' 
12", 7 = 106° 10' 36". The solution follows, and is checked by 
the sine law. 


B 



a==116° 19' 24" 
83'^ 19' 12" 
7 = 106M()' 36" 


a4-^+.^ = 305"49'12" 
S=152^ 54' 36" 
S-a= 36^ 35' 12" 
69° 35' 24" 
46° 44' 0" 


a=116° 19' 24" 
83° 19' 12" 
7 = 106° 10' 36" 

^ = 119° 55' 24" 
73° 49' 12" 
f = lll°46' 12" 




tan 


yj cos {S—a 


— cos S 


{S — a) cos (S — ^) cos (S — *> ) 


tan ^= tan R cos {S—a) 


tan “= tan cos (S—^) 
2 


tan -^tanR cos (S— 7 ) 
2 


r-log (-cos 152° 54' 36") = 9 94953-10 
log cos 36° 35' 12" =9 90469-10 
(-h)logcos 69°35'24" =9 54249-10 
(+)logcos 46° 44' 0" =9.83594-10 

> (— )log Denom =9 28312—10 

log tan^ R = 2 log tan /? = 0.66641 
log tan /? = 0.33320 
(+)log cos 36° 35' 12" = 9.90469 -10 
(-l-)log cos 69° 35' 24" = 9 54249-10 
(-l-)log cos 46° 44' 0" = 9 83594-10 


log tan - = 0.23789 
2 

b 

log tan - = 9.8/569—10 
2 

log tan -= 0.16914 

- = 59" 57' 42" 
2 


;=36“ 54' 36" 
2 

-=55" 53' 6" 
2 
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Exercises 


Solve and check the following triangles, and Hnd the area and lengths of sides 
on a two-foot globe. 


Xo 

a 

e 

T 

Xi) 

It 

e 

-> 

1 

129° 5' 2S" 

142° 12' 42" 

105° 8' 10" 

7 

4^ 23' 35" 

8 ’ 28' 20" 

172^ 17' 56" 

2 

111° 4' 

143° 18' 

31° 30' 

8 

1 10° 

110° 

80° 

3 

70° 39' 

48° W 

119° 15' 


110^ 36 4' 

122° 8 7' 

140° 20 V 

4 

114° 30' 

83° 12' 

121° 20' 

10 

120" 50 6' 

78° 6 r 

81° 12 1' 

5 

59° 55' 10" 

85° 36' 50" 

59° 55' 10"! 

11 

80° 20 2' 

7 1° 46 7' 

51'’ 8 5' 

^ 1 

1 

102° 14' 12" 

54° 32' 24" 

8*i° 5' 46" j 

12 

100° 51 3' 

80° 47 6' 

74° 3 3' 


43. Case III: Two Sides and Included Angle Given. First So- 
lution . — Suppose ^5 r, ct giv'en, to find /i, 7, a. The solution for- 
mulas are (6), (7) with d, 7 and c replacing a, and b; and 
(4) with parts permuted to give a. The first two give 

and y = i(0+7)=ti(0-y)- The third gives tan ^ di- 
rectly. Given ^=105° 14' 48", f = 43° 17' 12", a=112° 47' 24", 
the solution follows, and is checked by the sine law. 
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B 



^=105” 14' 48" 
c= 43° 17' 12" 

^+<r = 148°32' 0" 
b-c= 61° 57' 36" 


a= 112° 47' 24" 
56° 23' 42" 

2 

i(4+f)= 74° 16' 0" 
i(i-c)== 30° 58' 48" 


^=105° 14' 48" 
43° 17' 12" 
a = 112° 47' 24" 


84° 6' 42" 
7= 44° 59' 6" 
«-lI6°35'36" 


a , 
cot ^ CDS 

tan 1 — 

COS 2(^ + 0 


CK , 

cot - sin 2(^—0 

tan l(B-y)= "-T77r^~ 

sin 2(^+0 

^J.T=|W+l)±i0l-7) 

rt_tan f) Mil 2(t*+7) 

*‘'"2 sm i(,l-7) 


log cot 56° 23' 42"= 9.82251-10 
(+)log cos 30° 58' 48"= 9.93316-10 


log Prod.= 9.75567 — 10 
(-)logcos74° 16' 0"= 9 43323-10 

log tan |(fi+7) = 0 32244 
> |(d+7) = 64°32' 54" 

log cot 56° 23' 42"= 9 82251-10 
(+)logsin 3()°58'4S"= 9.71159-10 

log Prod =19 53410- 20 
(-)logsin 74° 16' 0"= 9 98342-10 

log tan 50^—7) = 9 55068—10 
>• (±)J(d-7) = 19' 33' 48" 

^J = 84° 6' 42" 
7=44=59' 6" 

log tan 30° 58' 48"= 9.77843-10 
(+)logsin64°32'54"= 9 95556-10 

Prod. = 9 73399 — 10 
(-)logMn 19'=3V4S"= 9 52486-10 


log tan -= 0.20913 
2 

^= 58 ° 17 ' 48 " 
2 
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The spherical excess is computed from the given parts by using 
formula (9), with 7 replaced by by Cy a: 

b c 
^ cot - cot - 
E 2 2, 

cot hcot a. 

2 sin a 

-= S2°yT2V’ 

2 

-= 21° 38' 36" 

2 

a=112° 47' 24" 

log cot 52° 37' 24"= 9.88305-10 
(-f)logcot 21° 38' 36"= 0.40143 

log Prod. = 10.28448 -10 
(-)log sin 112° 47' 24"= 9.96470-10 

logQuot. = 0.31978 
Quot.= 2.08824 

(-f)cot 112° 47' 24"= 0.42016 W 
E 

cot 1.66808 
2 

f =30“ 56' 35" 

2 

£ = 61° 53' 10" 

The value obtained directly from the given and computed 
angles is 

£: = a+j3+7- 180^ = 241° 53' 12"~ 180^ = 61® 53' 12". 

44. Case III: Second Solution. — The problem of Case III is of 
importance in geodesy, navigation, and astronomy but for these 
purposes only side a and angle are required. Special tables 
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have therefore been computed (called “azimuth tables’*) in which 
the angle can be read directly from the given parts and only the 
side a must be computed. This computation does not require 
the complete formulas used in Art. 43 and is much simplified by 
the use of the haversine function, defined m (5), Art. 6. 

The required computing formula is obtained from the first of 
the Jnyidamental Jormidas (3), Art. 17, 

cos a = cos b cos f +sin b sin c cos a. (1 6) 

By definition hav ^ = -|(l — cos d). Therefore 

cos « = 1 — 2 hav cos a = 1 — 2 hav a. 

Substituting these expressions for cos a and cos cl in (16), 

1 — 2 hav a = cos b cos ^+sin ^ sin r (1 — 2 hav a) 

= (cos b cos f +sin b sin r) — 2 sin b sin c hav a 
= cos (^— c) — 2 sin b sin c hav a. 

Similarly cos (^— ^•) = 1 —2 hav (/^— c), and the last formula be- 
comes 

1 — 2 hav ^ = 1 — 2 hav {b—c) — Z sin b sin c hav a. 

/. hav rt = hav (^ — r)+sin b sin c hav a. (17) 

This is the required solution formula for given c, a. Tables 
of natural and logarithmic functions used by navigators and astron- 
omers contain haversines and the solution for a is easily and 
rapidly carried out as follows. 

In (17) let the last term 


then 


sin b sin c hav a = Q; 
hav^ =hav {b—c)+Q> 


( 18 ) 
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In the example of Art. 43 we have 

a=112M:' 24" 
ii=105^ 14' 48" 
c= 4.V r' 12" 

b-c= 6r 57':>b" 

log sin 105° 14' 4S" = 9 98443-10 
(+)logsin 43- r' 12" -9.8361 1-10 
(+Moghav 112 4"' 24" -- 9 84116- 10 

log Prod (>=966170-10 

!?=0.45888 I 
(+lh.iv 61' 57' 36" = 0 26495 1 

hav t; = 0.72»>83 

35' 36" 

This value of side a is the same as that found in Art. 43. 

45. Case IV: Tieo Jngles ami Included Side Ci’ccn . — Suppose 
a, c given, to find The solution formulas are (4), (5), 

y 

and (6) solv^ed for cot 



c , , . 

tan - cos -2(«-/3) 



tan^(a+^)- , " 

cos - 2 («+W 

ii) 


tan - sin 2 («-W 



sin ^(a+/5) 

(«) 

These two give 

\{a+h) and — then 




(m) 

Finally, 

7 tan l(,ot—0) sin \{a+b) 
cot ^ — ' , ; . 

2 sin2(^”“^) 

(/V) 
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These formulas are of the same form as those used in Case III, 
Art. 43, and the work is laid out and the logarithmic computation 
performed in the same manner, except that sides are used here 
where angles are used there, and vice versa. It is, therefore, not 
necessary to work out an illustrative solution here. 

The solution is to be checked by the sine law in this case also. 


Exercises 

Solve and check the following triangles; compute the spherical excess from the 
gi\cn parts in Lx. 1-12, and find the area and lengths of sides in terms of the 
radius {R) in Ex. 13-24. 


1. Z» = 120° 30' 30" 
f = 70° 20' 20" 
a = 50° 10' 10". 

2. ^ = 99° 40' 48" 
r= 100" 49' 30" 
a = 65° 33' 10". 

3. rf = 68°20' 25" 

^ = 52° 18' 15" 
t=-117° 12' 20". 

4. tf = 84° 14' 29" 

KV 45" 

7 = 36° 45' 28". 

5. .1 = 89° 17' 
f = 52° 39' 
/3=119° 15'. 

6. .* = 109° 21' 

^ = 60° 45' 

7=- 127° 20' 56". 

7. tf = 73° 58' 54" 

^ = 38° 45' 0" 

7 = 46° 33' 41". 

8 . .* = 88 ° 12 ' 20 " 
^=124° 7' 17" 

7 = 50° 2' 1". 


9. .* = 120° 55' 35" 
/^ = 88° 12' 20" 
7 = 47° 42' 1". 

10. ^ = 63^- 15' 12" 
f = 47° 42' 1" 
a = 59- 4' 25". 

11. ^ = 69° 25' 11" 
c=109° 46' 19" 
a = 54° 54' 42". 

12. .* = 103° 44.7' 
iJ = 64° 12.3' 
7=98° 33 8'. 

13. a = 135° 5' 29" 

7 = 50° 30' 9" 

^ = 69° 34' 56". 

14. a = 95° 38' 4" 

7 = 97° 26' 29" 

^ = 64° 23' 15". 

15. a = 130° 5' 22° 

/3 = 32° 26' 6" 

£: = 51°6' 12". 

16. a = 82° 27' 

^ = 57° 30' 

f = 126° 37'. 


/3 = 97° 2(J' 32" 
f = 41° 9' 46". 

18. a=107M7' 7" 

/i = 38' 58' 27" 
f = 5P41' 14". 

19. rt = 26° 58' 46" 

/^ = 39° 45' 10" 
f=154° 46' 48". 

20. «=128°41'49" 
i8=107° 3V 20" 
f=124° 12' 31". 

21. /3 = 153" 17' 6" 

*> = 78° 43' 36" 

.* = 86° 15' 15". 

22. a= 125° 41' 44" 
7 = 82° 47' 35" 

^ = 52° 37' 57". 

23. iC^= 140° 43.2' 

*> = 100° 4.6' 

.* = 60° 43.6'. 

24. a =140° 24.6' 
^=12° 18 6' 
r = 28° 7.7'. 
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46. Case Two Suies and One Opposite Angle Given, — Sup- 
pose ay by a given, to find 7, c. The angle is found at once 
by the appropriate proportion of the sine law (1), Art. 39, 


sin /3 = 

Then cot ^ = 

and tan ~ = 

2 


sin ot sin b 
sin a 


sin ^(a-\~b) tan — 
sin ^{a — b) 

sin ^(a+/ 3) tan jja — b) ^ 
sin — 


by (6) and (4), Napier’s Analogies. The logarithmic computations 
are obvious, and the solution is checked by the complete sine law. 

Since 0 is found by means of its sine it may be in either the 
first or second quadrant; hence there may be two solutions. If 
b differs from 90° moi'e than ay 0 must be in the same quadrant 
as by by Rule (A), and is therefore fixed, giving only one solution. 
However, if b does not differ from 90° more than Rule (A) does 
not determine /3, and both values of may be admissible. In this 
case Rule (B) will show whether this is so or not. 

In any case there is no solution if the first computation gives 
sin 0>ly or log sin /3>0 (positive). 

The following solutions illustrate the preceding analysis: given 
^ = 148° 34' 24", ^=142° 11' 36", a=153° 17' 36". 

Since 90°<^^ — 90° there may be two solutions. The work 

is laid out as follows: 



SOLUTION OF OBUS.UE SPHERICAL TRIANGLES 


85 


B 



tf=148‘’34'24" 
^=142'’ir36" 
a = 153° 17' 36" 


11= 31° 53' 42" 
7= 6° 17' 35" 
e= 7° 18' 20" 


/3'=148° 6' 18" 
7'= 130° 21' 30" 
<■'= 62° 8' 51" 


, sin a sin ^ 

sin p = — : 

sin a 

7 sin §(rf+^) tan^(a— 

2 sin \ {a— b) 

c sin |(q’+/ 1) tjn \{a—b) 
2 sin 


log sin 153° 17' 36"- 9.65265-10 
(+)Iogsin 142°11'36"= 9.78746-10 


log Prod.- 19.44011-20 
(-)logsin 148° 34' 24"= 9.71718-10 


log sin /3 = 9.72293-10 
fi = 31° 53' 42" 
iS'=148° 6' 18" 


<j=148°34'24" 

i=142°ll'36" 


<1+3=290° 46' 0" 
a-b= 6° 22' 48" 
^(i»+3) = 145°23' 0" 
i(a-b)= 3° 11' 24" 


a = 153° 17' 36" 
S= 31° 53' 42" 


a+^=185°ll'18" 
a-/S=121°23'54" 
f(a+/9)= 92° 35' 39" 
Ua-S)= 60° 41' 57" 


log sin 145° 23' 0"= 9.75441-10 
(+)log tan 60° 41' 57"= 0.25089 


log Prod. = 10.00530- 10 
(-)log sin 3° 11' 24"= 8 74544-10 


log cot 1.25986 

3= 3° 8' 47.4" 
2 

7= 6° 17' 35" 


log sin 92° 35' 39"= 9.99955-10 
(+)log tan 3° 11' 24"= 8.74612-10 


log Prod. = 18.74567-20 
(-)logsin60°41'57"= 9.94055-10 

log tan ^= 8.80512-10 

^= 3* 39' 10" 

2 

c- 7° 18' 20" 
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After finding the two values jS, (iS' = 180®— /S) the values 
^{a±iP')y \{adcb) are computed and comparisons made 
according to Rule (B). It is found that both 0 and satisfy this 
rule, and hence both ^ and are solutions. Using i3 = 31® 53' 42" 
the computations are carried out above for 7, c. By using 0' = 
148® 6' 18" the values 7', c' may be found in the same manner. 

Consider next the example: given a — S7^ 36', ^ = 31® 14', a = 
104® 25' 30"; to find /3, 7 and c. 

In this example ^+^<180® and -2(^4-/^) <90®; hence, accord- 
ing to Rule (B), J(a+/3)<90®, or a+0<18O°. But o£>90°, and 
hence /5<90°. There is, therefore, only one solution. On carry- 
ing out the computation as in the preceding example, we find that 
log sin /3 = 9.77435 — 10, and hence /i = 36® 29' 46" <90° is the solu- 
tion. When the computation is completed w'ith this value of it 
is found that 7 = 51® 37' 56", ^=43® 7' 14". 

47. Case VI: Two Angles and One Opposite Side Given , — Let 

the given parts be a, a^ to find by Cy 7. The solution formulas 

are . . ^ 

, , sm a sin p 

sin : 1 

sin a 

c tan \{a — b) sin h(a+P) 

2 sin|^(a — /!J) 

7 sin l(a+b) tan — /3) 
cot - = : — * . 

2 sin \{,a — b) 

The numerical work is of precisely the same form as that of Art. 
46 and an illustrative solution is unnecessary here. 

This is also an ambiguous case, and the analysis is very similar 
to that of Case V. Thus, since b is found by means of its sine it 
it may be in either the first or second quadrants; hence there may 
be two solutions. 

If differs from 90® more than a, b must be in the same quadrant 
as &y and hence there is only one solution, Rule (A). 

If, however, does not differ from 90® more than a. Rule (A) 
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does not determine the quadrant for b and both values = 
180° — ^ may be admissible. After finding both values Rule (B) 
will determine whether both are admissible. 

As before, if sin ^>1, or log sin ^>0 (positive), there is, of 
course, no solution. 

The solutions of this case are checked by using the law of sines. 

The following exercises include examples of both Cases V and 
VI. The appropriate formulas for combinations other than those 
used above (^, a. or a, d) are immediately obvious. In any 
case the larger side and angle are to be written first in the sums 
and differences. 

Exercises 


Solve the following triangles where possible, determining in each case whether 
there are no, one, or two solutions. 


1 . a^srw 

^ = 31° 14' 
a =104° 25' 30". 

2. rt = 73° 49' 38" 
b = nQ° 53' 35" 
a = 88° 52' 42". 

3. /? = 150° 57' 5" 
^=134° 15' 54" 
a=I44° 22' 42". 

4. a^lT 0' 54" 
^-82° 17' 4" 

a = 82" 9' 26". 

5. ^2 = 30° 52' 37" 
b = M° 9' 16" 
a = 87°34' 12". 

6. ^ = 40° 20.4' 

f = 20° 18.2' 

/3 = 60° 44.4'. 

7. ^ = 98° 16' 
f=74° 38' 

/J = 78°40'. 

8. ^^ = 64° 23' 15" 
c = 99° 40' 48" 

7 = 95° 38' 4". 


9. ^ = 40° 5' 26" 
r=118°22' 7" 
/3 = 29° 42' 34". 

10. ^ = 69° 34' 56" 

120° 30' 30" 
7 = 50° 10' 10". 

11. ^? = 99° 40' 48" 

^ = 64° 23' 15" 
rt = 95°38' 4". 

12. tz = 50° 45' 20" 

^ = 69° 12' 40" 
a = 44° 22' 10". 

13. a = 110° 10' 

^ = 133° 18' 
rt=147° 5' 32". 

14. «=113° 39' 21" 
^=123° 40' 18" 
tf = 65° 39' 46". 

15. a=100° 2' 11" 

/3 = 98° 30' 28" 
a = 95^ 20' 39". 

16. a = 24° 33' 9" 

o Q/ 22" 

/I = 65° 20' 13". 


17. a=117° 54.4' 
it? = 45° 8.6' 

rt = 76° 37.5'. 

18. a = 104° 40' 

/3 = 80° 13.6' 
tf = 126° 50.4'. 

19. a = 115°36' 45" 
i8 = 80° 19' 12" 

^ = 84° 21' 56". 

20. a = 53° 18' 20" 
/3=46° 15' 15" 
rt = 79° 30' 45". 

21. a = 61°37' 53" 

/3 = 139° 54' 34" 
^ = 150° 17' 26" 

22. a = 70° 

^= 120 ° 

^ = 80°. 

23. a = 97° 20' 32" 
i8 = 66° 57' 4" 
rf = 75°0'51". 

24. a = 51°30' 

/3 = 59° 16' 
a =63° 50'. 



CHAPTER VI 


Applications and Problems 

48. Introduction. — In Art. 2 the general scope of spherical trigo- 
nometry has been indicated and it has been pointed out that most 
of its uses and applications are in the scientific and technical sub- 
jects of geography, geodesy, navigation, and astronomy. There 
are also other important and interesting applications in solid 
geometry, and even in the highly technical subjects just mentioned 
there are many important problems which may be handled with- 
out special technical knowledge and are easily understood as soon 
as they are stated in spherical terminology. In this chapter we 
consider a few of these problems and applications. 

49. Surface and Volume of a Parallelepiped. — ^parallelepiped 
is a solid geometrical figure bounded by six plane faces which are 
parallelograms and which are arranged in three pairs of opposite 
equal and parallel faces. If all the dihedral angles formed by pairs 
of adjacent faces are right angles then the three edges which meet 
at each corner (or vertex) are mutually perpendicular and the figure 
is a rectangular parallelepiped. Thus an ordinary brick is a rec- 
tangular parallelepiped. If the dihedral angles at the edges and 
the trihedral angles at the corners are not all right angles the paral- 
lelepiped is oblique. 

As shown in arithmetic or solid geometry the volume of a rec- 
tangular parallelepiped is the product of the lengths of the three edges 
which meet at one corner. The total surface of a rectangular paral- 
lelepiped is the sum of the areas of the six rectangular faces and is 
twice the sum of the three products of pairs of the lengths of the three 
edges which meet at a corner. 
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The rules or formulas which express the surface and volume of 
an oblique parallelepiped are more complicated and are now to be 
derived. 

Fig. 20 represents an oblique parallelepiped with the eight ver- 
tices O, 6', jp, A\ 5, £, Gj // and the twelve edges OC, CF, FA^ AO; 
BEy EGy GHy llB'y and 05, CP, PC, AH. The six faces are the 
rectangles formed by these edges. 

The face OCEB is taken as base; it is equal and parallel to the 
opposite face AFGH; D is a point in the base, and AD is perpen- 


A H 



dicular to the plane of the base; AD = h is the altitude of the paral- 
lelepiped. P^ODA is therefore a plane right triangle in a plane 

perpendicular to the plane of the base. 

Let 0 be the center of a sphere of radius OL — OM—ON; then 
LMN is a spherical triangle on the surface of this sphere inter- 
cepted by the trihedral angle 0-LMN\ and LKMy LKN are 
spherical triangles into which /S.LMN is divided by the plane 

ODA. 

Let the three unequal edges of the parallelepiped be 0A = l, 
OB — niy OC= 72 . Let the face angles of the trihedral angle 0-ABC= 
0-LMN be Z 50C= Z AOC— by Z JOB = c; these are the angular 

measures of the sides of the spherical P^LMNy viz., MN=^ay 

LN^byLM^-c. 
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The diagonal BC divides the base face OCEB into the two 
equal plane triangles OJSC, F.CB and the area of each of these is 
A05C= sin a [by (35), Art. 9], The base area is therefore 

[0CEB] = 2-{A0BC) = mfi sin a. (1) 

Similarly [OCFA] = In sin by 

and [OBHA] = Itn sin c. 

As each of these three faces is equal to its opposite face, the 
total surface area of the parallelepiped is 

S = 2{nm sin «+/;/ sin b-\-lm sin c), (2) 

Since the plane ODJ LOCEB^ the spherical ALKM is a right 
triangle with the right angle at K : Z/.A"M=90°. Then by (7) 
or (8), Art. 28, 

sin AZ. = sin LM sin LLMK 


= sin c sin Z.LMK, (3) 

But in ALMN the three sides b^ c are known, and also 
sin ALMK^l sin JZZ.A/A’-cos \l.LMK, Using formulas (12), 
(13) of Art. 21, therefore: 

2 : 

sin /.LMK = - ^ — Vsin jsin {s — a) sin (s — b) sin (s — c). 

sin a sin c 


This value of sin Z LMK in (3) gives 
sin /LZ, = sin Z.DOA 


2 

sin a 


V^sin jsin {s’— a) sin {s — b) sin (j—f)* 


( 4 ) 


It is proved in solid geometry that the volume V of the paral- 
lelepiped is equal to the product (base area) X (altitude). Therefore 
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in Fig. 20, V=[OCEB]-h. The area [OCEB] is given by (1) above, 
and in plane rt. AOD/iy A = /sin A DO A. 

V=^lmn sin a sin LDOA, 

Substituting sin LDOA from (4) in this, we have finally 

Imn V^sin s sin (j — sin {s — b) sin (j — f), (5) 

where s = ^{a+b+c). 

SO. Properties of Regular Polyhedroyjs . — A polyhedron is a geo- 
metrical solid with any number (more than three) of plane surfaces 
which are bounded by straight lines. Thus the parallelepiped (Art. 
49) is a polyhedron of six faces. Polyhedrons are named from the 
number of faces which they have; a few of these are as follows; 


Number 
of Faces 

Name 

Four 

Tetrahedron 

Six 

Hexahedron 

Eight 

Octahedron 

Ten 

Decahedron 

Twelve 

Dodecahedron 

Twenty 

Icosahedron 


Thus a parallelepiped is a particular hexahedron. 

The faces of a polyhedron are polygons of various numbers of 
sides. Thus the faces of the parallelepiped are parallelograms. 
These polygonal faces meet at the edges of the polyhedron, each 
adjacent pair of faces forming a dihedral angle; and at the vertices 
of the polyhedron, where they form polyhedral solid angles. It is 
proved in solid geometry that every polyhedron has the following 
remarkable property; The niwiber of faces plus the number of vertices 
equals the number of edges plus two. 

If all the faces of a polyhedron are equal (similar and congruent) 
regular polygons it is called a regular polyhedron. Thus a parallele- 
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piped, all of whose faces are equal squares (a cube), is a regular 
hexahedron. As only certain numbers of faces of certain shapes 
can be fitted together to form regular polyhedrons it is apparent 
that not all regular polyhedrons can be formed but only certain 
ones. It is in fact proved in solid geometry that Only five regular 
polyhedrons are possible. 

The five regular polyhedrons are the following: 


Faces 


Names 


Four equilateral triangles 
Six squares 

Eight equilateral triangles 
Twelve regular pentagons 
Twenty equilateral triangles 


Tetrahedron (triangular pyramid) 
Hexahedron (cube) 

Octahedron 

Dodecahedron 

Icosahedron 




360 


As the faces of a regular polyhedron are regular polygons, each 
face may be divided into isosceles triangles 
by drawing lines from the center of the face 
to each vertex of the face. The number of 
these triangles is equal to the number of sides 
which the face has. Thus in Fig. 21 the 
regular pentagon ABODE is divided into the 
five equal isosceles AAFBy BFCy CFDy DFEy 
EFA, IS.AFB is the type triangle for the 
pentagon, and its altitude FGJlAB, Z.AFB = 

> 180 ® 

, and LAFG—\Z.AFB — —r'' If ^ is the number of sides 



then AAFG^=^——— rad. 

5 s 

In Fig. 22, AACBy ADB are two isosceles triangles such as 
AAFB in Fig. 21, which are parts of two adjacent faces of a regu- 
lar polyhedron which meet in their common side ABy and AB is 
one of the equal edges of the polyhedron. CE, DE are apothems 
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of the polygonal faces of the polyhedron and are altitudes of the 
two triangles. Thus CEJlAB and DE1.AB. 

C and D are the centers of the two adjacent faces of the poly- 
hedron (as F in Fig. 21); CO, DO are each perpendicular to the 
corresponding face, and CO = DO. 0 is the center of the polyhe- 
dron and OAy OB^ joining the center to the vertices Ay B of the 
polyhedron, are called radii of the polyhedron. OE±AB at E 
the midpoint of ABy and OCEy ODE are right triangles in the plane 
OCEDO, L CED is the dihedral angle of inclination of the two 
adjacent faces, and is the same for any two 
adjacent faces of the polyhedron. Z CED is 
called the edg;e angle of the polyhedron and 
is denoted by E, 

Let N— number of faces of polyhedron, 

;/== number of faces meeting at a ^ 
vertex, 

j = number of sides of each polygonal 
face, 

^ = length of each edge ABy 
£ = edge angle CED, 

Describe a sphere about O as center, with Fig. 22. 

radius OL = OM = OlV, I'he three face planes 
BOCy COEy EOB of the trihedral angle 0-BCE intercept the 
spherical truvigle LMN on the surface of this sphere. Let the 
angular measure of the sides of jlS.LMN be 

LNI^Cy MN=ay m. = b. 

Then since plane CO /i±plane EOBy ZLA^A/=90°, and spherical 
P^LMN is a right triangle. 

By Napier’s Rules (Art. 29), in the spherical right ACMA^, 

cos Z MLN= cos a sin Z LMN, {Sa) 

But since n Aices of the polyhedron meet at B the dihedral angle 


A 
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360° 

between planes COi5, BOD through O is ' - and hence Z MLN= 

l/360°\ 180° TT . • 17 O'. ^ 

2 I J= — =“ radians. Also, as in Fig. 22, Z5C/7 = - = 

\ n / n n s 

ZLMN. 

These values in (Sa) give 


IT TT 

cos — = cos a cos 
« s 


cos a = cos Z COE = cos (90° — Z C£0) 
= sin ZCEO 

£ 

= sin iZC£D = sin — 


TT , E , IT 

cos — = sm “I sin 
w 2 j’ 


. £ TT T 

/. sin ~ = cos-- CSC 

2 ns 


By means of this formula the edge angle of any regular polygon 
can be found when the number of sides of its face and the number 
of faces meeting at a vertex are known. 

51. Surface Area ayid Volume of a Regular Polyhedron 
regular polygon of Fig. 21 the area of isosceles lS.AFB = \AB'FG^ 
AG-FG^ and FG^AG-coX, ZAFG^ AG-zoX \LAFB, Therefore 
area Z^AFB^AG^ -col \LAFB, Similarly, in Fig. 22, in the 
regular face polygon, area A-S£C=fi£^-cot \ZBCA, But ££= 

and as already seen \ZBCA—^, Therefore 
^ s 

v 

^BEC= ~ cot- 
4 s 



APPUCATIONS AND PROBLEMS 


95 


Now there are s triangles each equal to ABEC in one face of 
s sides, and hence the area of one face is (see also (SO), Art. 10) 

K—--scot-, (/) 

4 s 

Also the regular polyhedron has N of these faces, all equal. The 
total surface area S is therefore 

= cot (8) 

s 


Each face of the polyhedron is the base of a pyramid whose 
vertex is the center O in Fig. 22 and whose altitude is CO = DO, 
and it is proved in solid geometry that the volume is equal to 
-J (altitude) X (base area). When K is the area of one face, there- 
fore, the volume of the pyramid is 

V,^\CO^K. (9) 

Now in plane right AECOy 

m =^E- tan Z. CEO 

=^-tan IZCED^OE-tan 

F 

and in right /S.CEB, CE — - cot Therefore CO = ^ cot - tan . 

2, S S 

This in (9) gives 



and the volume V of the polyhedron consists of A" such pyramids. 
Multiplying V\ by N, therefore, and substituting the value of K 
given by (7) above. 


cot j tan 0 


a~ IT 

— s cot — • 
4 s 




Na^s 

24 


cot — tan — . 


( 10 ) 
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To compute the volume of a regular polyhedron by this for- 
mula, the edge angle E ^or is first found by means of formula (6), 


. E TT TT 
sin :-=cos- esc—, 
2 7t s' 


( 6 ) 


E 

and this value of — is then used in the volume formula (10). 


Exercises 

1. Show by means of formula (2), Art. 49, that the surface of a rectangular par- 
allelepiped is 5 = 2 (/m -\-mn -f «/). 

2. Show by means of (5) that the volume of a rectangular parallelepiped is 

3. If ^ is the edge of a cube show that formulas (2) and (5) lead to and 

4. If all the edges of a rhombic parallelepiped are equal to e and each of the 
three face angles of its smallest trihedral corner angle is 30° find the total surface. 

5. Find the volume of the solid in Ex. 4. 

6. The three unequal edges of a parallelepiped are 1,2,3 units and the three 
opposite face angles at its bluntest corner are 75°, 90°, 105°. Find the total surface. 

7. Find the volume of the solid in Ex. 6. 

The five regular polyhedrons are described in the table in Art. 50. By means of 
formula (6) in Art. 50 find the dihedral edge angle of each, as follows: 

8. Tetrahedron (triangular pyramid), three faces meeting at each vertex (/j=3). 

9. Hexahedron (cube, w = 3). 

10. Octahedron (« = 4). 

11. Dodecahedron (« = 3). 

12. Icosahedron (w = 5). 

Find the exact (not decimal) value of cos E for each of the regular polyhedrons 
as follows: (Hint, use formula (6) above and cos £ = 1 —2 sin^ — from (13), Art. 7.) 

13. Tetrahedron. 16. Dodecahedron. 

14. Cube. 17. Icosahedron. 

15. Octahedron. 
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Find the total surface of each of the regular polyhedrons in terms of the edge a 
as follows: 

18. Tetrahedron. 21. Dodecahedron. 

19. Cube. 22. Icosahedron. 

20. Octahedron. 


Find the volume of each of the regular polyhedrons in terms of the edge a as 
follows; 


23. Tetrahedron. 26. Dodecahedron, 

24. Cube. 27. Icosahedron. 

25. Octahedron. 


28. Show that the radius r= OC of the sphere inscribed in the regular polyhedron 

. a TT E 

of Fig. 22 IS equal to cot - tan 


52. The Earth or Ten'estrial Sphere . — The earth is one of the 
nine planets which revolve around the sun, each of which requires 
a certain particular time to complete each revolution. The time 
of revolution of the earth about the sun is the year. The path 
followed by each planet in each revolution is called its orbtt. The 
earth’s orbit lies in one plane, called its orbital plane., and is very 
nearly a circle with the sun at its center. More exactly, the orbit 
is very slightly elongated or elliptical and the sun is at ^ focus of 
the ellipse. 

The earth itself is globe-shaped, very nearly an exact sphere. 
The slight variation from a sphere is detected only by very precise 
measurements, and in all ordinary measurements and calculations 
may be disregarded. The surface of the earth is also not perfectly 
smooth, but when the earth is represented by a circle of about six 
inches diameter drawn with an ordinary pencil or by a circle of 
about six feet diameter drawn with ordinary blackboard crayon 
the deviation and irregularities lie within the pencil or chalk line. 
For all ordinary purposes the earth is therefore considered as a 
sphere. It is called the terrestrial sphere in distinction from the 
celestial sphere, described in Art. 58. 

The average radius of the earth is very nearly 6367.65 kilo- 
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meters. In United States land miles, therefore, the radius, diame- 
ter, and circumference of the terrestrial sphere are very nearly 


R =3956.8, 

Z) = 2/? = 7913.5, 
C=7rD = 24,861 miles. 


( 11 ) 


In approximate calculations these values are often taken as about 
4000, 8000, 25,000 land miles, respectively. 

The circumference of the spherical earth is the circumference 
of a great circle on its surface. As the circle contains 360 degrees, 

. , , , ^ .24,861 

an arc of one degree on this great circle has a length of - == 


69.06 or about 69.1 land miles. 

The length of one minute of arc on the great circle of the earth 
is called the nautical mile. Since the circle contains 60 x 360 = 21,600 
minutes there are 21,600 nautical miles in the circumference, and 
as this circumference is 24,861 land miles 


1 nautical mile = —~r= 1.151 land miles, 

L I ,oUU 

f 1 t -I 21,600 _ • 1 -1 

1 land mile = - / -• ; =0.8688 nautical mile. 

24,861 

As the earth moves in its orbit about the sun it also rotates once 
in each 24 hours about a certain fixed diameter, as an axis. This 
axis of the earth remains fixed always in the same direction and is 
inclined to the orbital plane at an angle of 66® 32' 52", or very 
nearly 66° 33'. 

The ends of the axis diameter of the earth are called the po/es 
of the earth. The great circle which has the same points as poles 
is called the equator of the earth. The equator is therefore the 
intersection of the earth's surface with a plane through the center 
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and perpendicular to the axis. This plane is called the equatorial 
playie. 

If an observer stands on the equator and faces toward the rising 
sun one of the earth’s poles is to his left and one to his right. The 
pole to the left is called the north pole and the other the south pole. 
Alternatively, the direction of the rising sun is called the east and 
that of the setting sun the west; and if the equatorial observer 



stands with the east to his right and the west to his left, he then 
faces toward the north and the south is at his back. The direction 
of rotation of the earth about its axis is toward the rising sun, that 
is from west to east. 

In Fig. 23, the terrestrial sphere is shown with the north and 
south poles marked A^, S and the east and west directions on the 
equator as Ey JVy respectively. Small circles on the surface, which 
are the intersections of planes parallel to the equatorial plane, are 
called parallels of latitude y and great circles through the poles and 
perpendicular to the equator are called meridians of longitude. 

Fig. 23 shows the sphere (earth) as it appears to an observer 
situated in the equatorial plane outside the earth, and (^) shows 
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the sphere as it appears to an observer outside the earth and some 
distance from the equatorial plane toward the north. 

The method of locating and denoting the parallels of latitude 
and meridians of longitude is shown in Fig. 23, and in more detail 
in Fig. 24. As the equator and poles divide any meridian circle 
into quadrants, latitude is measured along any meridian from the 
equator toward each pole, and any parallel is denoted by giving 
the meridian arc measure in degrees from the equator to that 
parallel, with the specification N or or correspondingly + or — , 
for north or south, respectively. This arc measure is called the 
latitude of the parallel and is equal to the plane angle at the center 
of the sphere (earth) between the radii drawn to the ends of the 
arc on the meridian circle, as shown in Fig. 24(^). The angle 
between the axis and the radius to any parallel is the complement 
of the latitude and is called the co-latitude of that parallel, or 
sometimes the polar distance of the parallel. 

The latitude of a standard reference marker in New York City 
is 40^ 46' 47.17" or +40° 46' 47.17". 

The great circle on which longitude is measured is the equator. 
There is no natural dividing line, as the equator is for latitude, so 
an arbitrary line is chosen, and by international agreement the 
meridian passing through the British Royal Observatory at Green- 
wich, England, near London, is taken as the reference circle or 
prime meridian^ as shown in Fig. 24(^). 

The Greenwich or prime meridian divides the equator into two 
semi-circles and longitude is measured west {IV or +) and east 
(E or — ) from this meridian through 180° along the equator to 
the point where this meridian crosses the equator on the opposite 
side of the earth. The westward direction is chosen as positive 
because the apparent daily motion of the sun is toward the 
west. 

The longitude of any meridian is then the measure in degrees 
of the smaller arc of the equator between that meridian and the 
prime meridian. It is also the smaller plane angle between the 
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radii to the intersections of the equator with the prime meridian 
and the given meridian; and it is the smaller spherical angle at 
either pole between those two meridians. These angles are shown 
in Fig. 24(^) and also in Fig. 23, and the longitude of any meridian 
is less than 180®. The longitude of the marker in New York City 
mentioned above is 73° 58' 41.00" IF or + 73° 58' 41.00". 

The longitude of a point on the earth’s surface is the longitude 
of the meridian passing through it, and the latitude of such a 
point is the latitude of the parallel passing through it. Any such 
point is completely located by stating its latitude and longitude. 
Thus the marker referred to above is at 40° 46' 47.17" Nj 
73° 58' 41.00" W (+40° 46' 47.17", +73° 58' 41.00"). 

The diference of latitude of two points on the earth’s surface is 
the arc of a meridian included between the parallels of the two 
points. It is equal to the algebraic difference obtained by sub- 
tracting the smaller of two latitudes of the same sign, or the nega- 
tive if of opposite signs, from the other. 

The difference of longitude of two points on the earth’s surface 
is the smaller arc of the equator included between the meridians 
of the two points; it is equal to the smaller spherical angle at the 
pole between the two meridians. It is the algebraic difference 
obtained by subtracting the smaller of two longitudes of the same 
sign, or the negative if of opposite signs, from the other. If this 
algebraic difference is numerically greater than 180°, the numerical 
difference between it and 360° is used. 

The general science of the form and size of the earth and of the 
consequences of its axial rotation and orbital revolution, so far as 
they are related to terrestrial matters, is called mathematical ge- 
ography, The science of the measurement of its form and size is 
called geodesy. 

The measurements and calculations which are required to de- 
termine the latitude and longitude of any point on the earth’s 
surface are explained in books on spherical and practical astronomy 
or on navigation and nautical astronomy. 
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S3. Shortest Line Joining Two Points on the Earth's Surface , — 
It is proved in solid geometry that the shortest line which can be 
drawn on the surface of a sphere to join two points on the surface 
is the lesser of the two arcs of the great circle which passes through 
the two points. The measure of this arc in angle or length units 
is called the distance from one of the points to the other. 

If the distance is measured in 
mmutes of arc this is also the distance 
in nautical mileSy and this number mul- 
tiplied by 1.151 is the distance in la?id 
miles. 

If the distance is measured in radi- 
ans of arc the distance in land miles is 
the number of radians multiplied by 
the radius /? = 3956.8. 

To find the distance when the two 
points arc given by their latitudes 
and longitudes requires the solution of a spherical triangle 
for one side. In Fig. 25 let N be the north pole and WE the 
equator; and let Ay B be the given points, and EG the great 

circle passing through A and B. Then AB^d is the required 

distance. CA=L\ and DB = L 2 are the latitudes of A and B; 


N 



NA=Ci=90''—Liy Ar5 = f 2 = 90®-L2 are their co-latitudes; and 

CD = ZCND = \ = \i —\2 is the difference of longitude of the given 
points Ay B. 

When the two points are given by their latitudes and longi- 
tudes, therefore, the co-latitudes fi, C 2 and the difference of longi- 
tude X are known. In the spherical triangle ABNy therefore, two 
sides and the included angle are known, and the third side is re- 
quired. The complete solution of the triangle is therefore not 
required, and the method of Art. 44 is to be used. 

The solution formula is (17) of Art. 44; with the notation of 
Fig. 25 it is 
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hav^/=hav (fi — r 2 )+sin Ci sin C 2 hav X. (12) 

But Ci-C 2 = {90^-Lx)-{90^-L2)=L2-Lu 

sin ri=sin (90° — Z.i) = cos Lu 
sin C 2 = sin (90®--Z.2) = cos L 2 , 
and X=X 2 — Xi or X 1 —X 2 (as in Art. 52), 

when Xi, X 2 = longitudes of B. 

Substituting these values in (12), the solution formula becomes 
hav^/=hav (Z .2 — Z.i)+cos Zi cos Z ,2 hav (X 2 — Xi). (13) 

When the points yf, B are given by their latitudes and longi- 
tudes thus: A (Li, Xi) and B (£ 2 , X 2 ), formula (13) gives the dis- 
tance d in angular measure at once by the computation illustrated 
in Art. 44. The quantity Q is here, however, 

!2=cos L\ cos L 2 hav (X 2 — X 1 ), 

using cosines instead of sines. The distance d is expressed in miles 
as explained above. 

The difference of latitude L 2 —L\ and the difference of longitude 
X 2 — Xi are found as explained in Art. 52. 

54. Great Circle Sailing, — I'he shortest route between two sea- 
ports is the great circle arc joining them, as in Art. 53, and unless 
the distance is very short or there are obstacles on the route the 
great circle route is generally followed in sailing a ship from one 
port to another. 

In the language of 7%avigation the route or path followed by a 
ship is called the ship’s track,^ the spherical angle which the track 
makes with the meridian at any point is the course at that point, 
and the point on the great circle track which is nearest to the pole 
is the vertex of the track. As a great circle track crosses various 
meridians and parallels at various angles, the vertex is on the 
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parallel farthest from the equator and has the greatest latitude or 
smallest co-latitude of any point on the track. 

The procedure and operations necessary to direct a ship along 
a great circle track are called great circle sailings and when a 
navigator determines the course 
of the ship’s track at any point 
he is said to lay a course from 
that point. 

In Fig. 26, N is the north 
pole and IVE is the equator; 

B are two points on a great circle 

track, and AB is the great circle 
arc joining them. If the ship is 
to sail from A to B the course C 
at A is called the first course and 
C' at B the last course^ and vice 
versa. If the ship is to sail either 
way or both ways, C is called the first course from A and C' the 
first course from B. 

The point V is the vertex of the track and NF1.AB. 

In the great circle sailing on the track AB the points B are 
given by their latitudes L and longitudes X: A{Liy Xi), B{L 2 ^ X 2 ), 

and it is required to find the courses C, C'; the distance AB = d; 
and the position (latitude and longitude) of the vertex V, 

With A{Lu\i) and 5(^2, X 2 ) given, their co-latitudes Cu C 2 
and their difference of longitude X are known, and to find C, C', d 
requires the complete solution of the spherical AABN with two 
sides and included angle given. Art. 43. 

If in Fig. 26 NE is the prime meridian (it is not necessarily so), 

Li = T)A^ L 2 — FB are the given latitudes, 

Xi = £F, \2=ED are the given longitudes. 


N 
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X = D£ = Xi— = is the difference of longitude, 

^■i = 90®—Z,i, r 2 = 90®--Z.2 are the co-latitudes, 

C= /.BANy C = /.ABN tiTt the courses, 
dyV^ distance and vertex of the track. 

Using this notation, the solution formulas of Art. 43 are 


tan^(C+C0 = 


cot - cos 5(<-2-fl) 

COS ^(C 2 + Cl) ’ 


But 


tan^(C-C0 = - 


cot-sin l(c 2 -ci) 
sin 5 (<r 2 +ci) ’ 


C, C'=|(C+C0±|(C-C'), 
d_ tan ^(c 2 —ci) sin \ (C-\-C') 
*^”2 sin 5 (C— C') 


C 2 -C 1 = {90°-L2) - {90°-L{)=Li-L2, 
f2+fi=(90°-z:2)+(90°-z:i) = i80°-(Li+z:2). 
cos 5 (f 2 +fi) = cos I90 °-^(Z:i+L 2)], 
=sin ^(Li+Z, 2 ) 
sin |(c 2 +fi) =cos 5 (Z,i+Z, 2 ), 


and these values in the solution formulas give 

\fr> . ^/^_COt 5 (Xi-\2) cos \{Li-L2) ' 
tan 2 aC - r ■ • i/r 1 r \ ' ^ 

sm ^(Z,i+^ 2 ) 

1 /^ cot |(Xi-X 2 ) sin 

tan 2 (C - C7 ) = i77~rr ’ 

cos 2 (Z,i+/- 2 ) 

C, C'=i(C+C')±^(C-C'), 

d tan \{Li-L 2 ) sin 
^"2 sinl(C-C') 


( 14 ) 
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When the given latitudes L and longitudes X are used directly in 
these formulas three logarithmic computations give the courses 
C, C' and distance d in angular measure immediately. The dis- 
tance is then expressed in miles as already explained. 

The vertex of the ship’s track V is now to be located, that is, 
the latitude ^3 and longitude X 3 are to be determined. These are 
found from the spherical right triangle AVNy right-angled at V, 

In r^,lS,AVN the co-latitude NA=ci and the zourst £NAV=^C 

are now known, and when the side A^^=r 3 = 90®— Z ,3 and the 
acute AANV ^\2 — \^ are found, X3) is then completely 

located. 

In the right j^AVN the hypotenuse C\ aJtd angle C are given 
and the method of Art. 31 is used. In the notation of Fig. 26 the 
solution formulas are 

sin r 3 = sin Ci sin C, 
cot A A VN = cos Cl tan C. 


But ^■1=90®— Zi, f 3 = 90®”"Z3; therefore sinf 3 = cosZ 3 , smri = 
cos Zi, cos ri =sin Zi, and the formulas become 


cos Z3 = cos Zi cos C, 
cot Z AVN = sin Zi tan C, 
X3 = Xi — Z A VN. 


(IS) 


When the given value of Zi and the value of C found by (14) are 
used, two computations give ^(Zs, X3). 

55. Legendre's Theorem. — We now develop an important theo- 
rem known as Legendre's theorem which is very useful in connection 
with measurements made on the earth’s surface. 

In any spherical triangle with interior angles a, 7 , let the 
lengths of the opposite sides (in linear measure) be a^ by c. The 
angular measure of the sides (in radians) is then, by (1), Art. 5, 



io8 


ELEMENTS OF SPHERICAL rRIGONOMETRT 


-y - when r is the radius of the sphere. The first of the 
r r r 

fundamental formulas (3) of Art. 17, in which the sides must be 
expressed in angular measure, is then 

a b c , b , c 
cos - = cos “ cos — hsin - sin - cos a. 
r r r r r 

a be 

cos cos - cos - 

r r r 


cos a = - 


, b , c 
sin - sm - 
r r 


( 16 ) 


and similarly for cos /3 and cos 7 . 

According to (18), Art. 7, in which the angle d in radian measure 

a b c 
may be or 


r r 


r ^ 2r^'^24r^ 720r®'^' 


r r 


£ 


sin- = — — +- 7 r 5 - 


£ 

I’zOr'' 




5040r' 


:?+ 


b c , c 

and similarly for cos -, cos sin -. If the lengths Uy by c are 
r r r a b c 

very small as compared with r, the fractions are very 

r r r 

small and powers of these fractions above the fourth may be dis- 
regarded in comparison with the lower powers. Omitting the 
higher powers in the series and substituting the resulting formulas 

for cos ", sin -, etc., in (16), we have, therefore, 

\ 2r^^24rV \ 2r2^24rVV 2r=*^24rV 


cos «=• 


('-pXj'S) 
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On carrying out the indicated multiplications, taking out the com- 
mon factors - in the denominator, and again omitting powers 
higher than the fourth. 


cos a = 




\ 2r^ 


24r'' 


) 



a^—b*—c^ — Siren's/ 

^JX 6r2 /’ 

since - 2 ' — ~ 2 \ ’ "I — nearly when ■ ■ is small as 

V 6r^) 

compared with 1. Again carrying out indicated multiplications 
and omitting powers higher than the fourth, we get 


cos a = - 


b'^ +c^—a^ 2/rr + Icra^ + Icrlr 


2bc 


2\bcf- 


(17) 


Now if a', jS', 7 ' are the angles of the plane triangle whose 
opposite sides have the same lengths a^ b^ c as those of the spherical 
triangle, we have from the first of the formulas (24) of Art. 9, 


cos a =- 




2bc 


(18) 


. . , . . , . (b^+C^-a^Y 4 ^ 2 ^ 2^(^2 + , 2 .^ 2)2 

smV=l-cos2a 


2 ^ V + 2ra^ + -a^-b^-c^ 


si n* ® + 2 c^«^ + 'h^b'^ —a^—h^—c* 

___ 


( 19 ) 
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Substituting (18) and (19) in (17), 

, ic sin^ a 

cos a = cos a — , (20) 

and similarly for ffy 0' and 7, y\ 

This result applies to a sphei'ical triangle with angles a, 0y 7 
and sides whose lengths ay by c are very small as compared with 
the radius r of the ^sphere; and to a plane triangle with angles 
CL y 0'y y' and sides of the sa?ne lengths ay by c. The angles 0\ 7' 
differ but little from a, 0y 7 and therefore a — a=(i> is a small 
quantity. From this a = a'+0 and 

cos a = cos (a +<t)) = cos a' cos 0 — sin a sin 0. 

But when <(> is very small, then cos </> = 1 and sin 0 = 0 very nearly. 

Therefore , . / 

cos a = cos a — 0 sm a 


very nearly. Comparing this formula with the corresponding for- 
mula (20) it is seen that 

, be sin^ a 
0sina ^—^2 

/. 0 = a — = sina'. (21) 

or 


Now by the second formula (35) of Art. 9, \bcsma=K' is 
the area of the plane triangle with angles a, p', y' and sides a, b, c. 
Formula (21) is therefore 


Similarly 


a— a 




y- 


y'- 


K ' 
3r2' 

3r2’ ’ 

3t^\ 


( 22 ) 


Adding, «+^+7~(«^+^^+7'0=3^^^=^- 
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But in the plane triangle, a+p'+y'=lSO° = v. 

(oe+^+y) — w = -2, 
r 

and the left member of this equation is the spherical excess E of 
the spherical triangle with angles a, jS, y. Therefore, for this tri- 
angle (whose sides are small as compared with the radius r), 

j,_K J£_E 

3r2“3' 

The three formulas (22) become, therefore, 

a-a=p-0' = y-y' = ~. (23) 

These three equations express in symbols 

Legendre’s Theorem. — 1/ the sides of a spherical triangle 
are very small co?npared with the radtiis of the sphere^ each 
angle of the spherical triangle exceeds the corresponding angle 
of the plane triangle whose sides are of the same lengthy 
by an amount equal to one-third the spherical excess of the 
spherical triangle. 

The radius of the earth being nearly 4000 land miles, most land, 
highway, city street, and local map measurements on the terrestrial 
sphere involve spherical triangles whose sides are small compared 
with the radius, and therefore Legendre’s theorem applies to such 
measurements. The angles of such a spherical triangle are much 
more easily measured than the sides, and hence the spherical excess 
and therefore the angles of the plane triangle with the same sides 
are known at once. The sides of the plane triangle are much more 
quickly and easily computed than those of the spherical triangle, 
and so if one side of the triangle is known the other two are found 
at once. 

56. An Application of Legendre^ s Theorem . — In the New York 
State Survey the angles of a spherical triangle with vertices at the 
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towns of Howlett, Eagle, and Gilbertsville were measured. After 
making proper corrections and reductions these were found to be 

At Howlett «= 85° 18' 56.962" 

At Eagle ( 8 = 51° 35' 42.965" 

At Gilbertsville y= 43° 5' 22.749" 

Adding, a+0+y = 180° 0' 2.676" 

Excess £=a+;8+r-180° = 2.676" 


E 2.616" 
3“ 3 


= 0.892" 


a'=a-|=85° 18' 56.962" -.892" =85° 18' 56.070" 
^'=/3-^=51° 35' 42.965"-.892"=51°35' 42.073" 
y = y-|=43° 5' 22.749"-. 892" =43° 5' 21.857". 


The angles a', /3', 7 ' are the angles of the plane triangle whose sides 
c are the same as the required sides of the geodetic spherical 
triangle. 

The side b of the geodetic triangle, the distance from the 
Howlett vertex to the Gilbertsville vertex, was already known in 
meters as the result of other measurements and computations in 
the survey. From those computations 

log ^ = 4.5422732. 

The plane triangle (a', 7 ^ b^ c) is now solved at once by 

formulas (23) of Art. 9, and the computations give 

log a = 4.6467037, 
log 4.4826658. 
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Therefore the great circle distances of the three towns named are: 

Eagle to Gilbertsville: ^^ = 44330.61 meters 

Gilbertsville to Howlett: ^ = 34855.66 meters 

Howlett to Eagle: c = 30385.46 meters 

57. Area of a Small Terrestrial Triangle , — Two other useful 
formulas or theorems are easily obtained from Legendre’s theorem. 
Thus formula (32), Art. 26, for the spherical triangle is 

E I ^ Ts^ A -A /s-c\ 
tan “ =-\/tan - tan J tan j tan j 

when the sides are expressed in angular measure. When by c are 

the lengths of the sides the radian angular measures are - as 

r r r 

E 

in Art. 55 and the formula for — is 

4 

tan 1= i ( V) (V) (V)- 

By the third of the series formulas (18) of Art. 7, neglecting 
powers higher than the fourth, 


s s , \zr 


(0 . 




.Al 

12r*J’ 


( J— s—a \ 2r / s—i 
3 




and similarly 


'“i 2,-r 2,V-T2^-1- ““V's^rTrL'-Tp-J- 
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Substituting these values in (24), 


(25) 


the quantity in square brackets under the last radical being 
obtained by multiplying the four quantities in square brackets 
under the first radical. 

E . EE 

But when the excess E is small, -- is very small and tan “^ = ~ 

4 4 4 

very nearly. Also by formula (38), Art. 8, 

y/sis-a)is-l^){s-c) = K' 

is the area of the p/a? 2 e trii^igle with sides a, i, c. Therefore (25) 
becomes 

E K' I s^ + (s--afT(7-^y^^ 

4-4^2^^+ 12^2 

XT 1/ . / , \ + C — /J + C 

jNow s = ^(a+If+c), s—a= , j — — - — , s — c= 


u^b — c 


, and these values substituted under the last radical give 


E K' a^+b^+c 
4~4^2\1+ i2r2 


"~4r4 12r2 )\ ' 



dPPLICAriONS AND PROBLEMS 


I15 


Applying the Binomial Theorem of algebra to the last expression 
and omitting powers higher than the fourth, 


4 4r“L 24r» /J 


But by (6^), Art. 16, when r is the radius of the sphere and K 
IS the area of the spherical triangle, Er^ — K. 

'■^+h^+c^\ 

24r2 




Dr 


A'=A"+| 

A- A' a^+h^+c^ 


) 


K' 


(26) 

(27) 


A" 24r=* ■ 

Formula (26) shows that w/ien the spherical and plane triangles 
have sides a^ of the same lengthy small compared with the radius r, 
"he area of the spherical triangle exceeds that of the plane triangle by 

"he fraction — of the latter, 

24;*“ 

As the area of a plane triangle is more readily calculated than 
:hat of a spherical triangle this result enables the spherical area to 
DC found very readily from the plane area. In particular, when 

?, c are very small compared with r, "24 niuch smaller, 

ind (26) becomes very nearly K=K'; that is, the plane and spheri- 
'al areas are equals very nearly. 


Exercises 

1. Find the shortest airline distance from New York City (see Art. 52) to Rio de 
aneiro (22° 54.4' 5, 43° 10.4' W). 

2. Find the shortest distance from New York City to Paiis (48° 50.2', 
° 20.2' E). 

3. Determine from a map or globe the latitudes and longitudes of any two 
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chosen cities or other points on the earth and find their distance in nautical and 
land miles. 

4. In sailing from New York to Liverpool, Cunard liners normally lay their 

course from a point olF New York at 42° 50° IV to Fastnet Rock off the Irish 

coast at 51° 24' .V, 9° 36' JV, To follow the great circle track find the {a) first 
course; {E) vertex of the track; and (0 distance. 

5. San Francisco is at 37° 48' 122° 28' IV, and Yokohama, Japan, is at 

36° 26' N, 139° 39' E, What is the shortest air distance joining the two cities? 

6. Find the courses, vertex, and distance of the great circle track joining Van- 
couver Island (50° N, 128° PV) and Honolulu (40° N, 74° IV). 

I. Find the great circle distance from ^(54° 18' N, 142° 38' E) to R(7° 12' S, 
90° 0' W)- 

8. TWo places have the same latitude and their difference of longitude is 2X. 
Two ships sail from one place to the other, one on the great circle track and one on 
their parallel of latitude. Derive a formula for the difference of the distances sailed. 

9. Find the area of the New York State Survey triangle described in Art. 56, 
considered as very small. (In the computations of the survey log r= 6.804595 was 
used, r in meters ) 

10. By the use of formula (26), Art. 57, find the true area of the spherical tri- 
angle of Art. 56. 

II. The continent of Asia has nearly the shape of an equilateral triangle with 
vertices shown on an old map as East Cape, Cape Romania, Baba Promontory. 
The map gives each side as very nearly 4800 and the radius as 3440 nautical miles, 
and states that the area is found very nearly by considering it as a plane triangle. 
Find the error. 

58. The Celestial Sphere . — To an observer on the earth the sky 
and the heavens appear to be a vast hemispherical bowl inverted 
over the earth, and no matter what the position of the earth in its 
orbit or of the observer on the earth, this great bowl or vault 
appears always and everywhere to be equally vast and spherical. 
All the stars and the other celestial objects appear to lie in the sur- 
face of this sphere of indefinitely great radius and to the observer 
his position appears always to be at the center. The stars indeed 
appear as mere bright points and only the sun and moon have a 
discernible disc. 

J'or purposes of reference and for convenience in locating 
celestial objects, this apparent sphere is considered as an actual 
sphere and is called the celestial sphere^ Its radius is considered as 
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indefinitely great in comparison with that of the earth, the earth is 
considered as a point at the center, and the celestial objects are 
considered as points on the surface. Certain reference points are 
located on it and certain great circles, diameters, and radii are 
pictured as drawn on and through it in order to apply the methods 
of spherical trigonometry to the exact location of celestial objects 
and to trace their motions on its surface. 

Fig. 27 represents the celestial sphere as seen from the outside, 
and its center 0 is the position of the earth. The various points, 
lines, and circles in Fig. 27 are defined as follows. 


Z 



J 

The point 0 being the position of the observer on the earth, Z 
is the point on the celestial sphere which is directly overhead and 
is called the zenith. It is the point where the line joining the earth’s 
center and the observer’s position meets the celestial sphere when 
extended. This line OZ is called the vertical at the observer’s posi- 
tion. When the vertical is extended in the opposite direction it 
meets the celestial sphere at the point Z' which is called the nadir. 
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The great circle NESJF is the intersection of the celestial 
sphere with the plane through 0 perpendicular to the vertical Z'Z. 
This plane is the observer’s horizontal plane and the great circle 
NESfV xs his horizoyi^ his visible “edge of the world.” The points 
Ny 5, W are the north, east, south, and west points of the 
horizon. 

A vertical circle is a great circle on the sphere whose plane 
passes through the vertical OZ; the arc ZCT is a quadrant of a 
vertical circle. 

The vertical circle SZNZ' through the north and south points 
of the horizon is called the observer’s meridian. 

If C is a celestial object, such as a star, on the celestial sphere, 
the arc TC is its angular distance above the horizon measured on a 

vertical circle. TC is called altitude or sometimes the elevation of 
the star or the point C, 

The arc ZC is the complement of the altitude (ZC=90®— TC) 
and is called the zenith distance of C. 

The horizon arc NT^ or the spherical angle NZT between the 
meridian ISZS and the vertical circle ZCT is called the azimuth of 
the star or point C. The azimuth is also measured from the south 
point through the west to T as the arc SWNT. 

The line PP' is the extended axis of the earth, meeting the 
celestial sphere in the points P, P', and these points are called the 
poles of the celestial sphere. In Fig. 27, P is the north pole. The 
north pole of the celestial sphere is not to be confused with the 
north point of the horizon. They are different points, but both 
are on the meridian SZPN, 

As a consequence of the earth’s rotation about the axis PP' 
the stars appear to describe small circles about P as their common 
center, apparently moving in the direction EQWQl or parallel 
to it. 

The great circle EQWQ^ is the intersection of the celestial 
sphere with the plane through 0 perpendicular to PP', the earth’s 
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equatorial plane, and the great circle EQfVQ' is called the equator 
of the celestial sphere, or the celestial equator. 

The terrestrial latitude of the observer is the angular distance 

QZ from the equator to the zenith. Since QP = 90° and NZ = 90° ^ 

QZ = QP — ZP = NZ—ZP = NP; i.e., the elevation oj the pole above 
the horizoyi at any place {observer) is the latitude of the place. 

The north point {N) of the horizon will be on the meridian at 
different positions for observers at different latitudes, but the pole 
P is an invariable point because the axis PP' of the earth has 
always the same direction. There is a star, Polaris, very nearly 
at the point P and it is for this reason also called the Pole Star and 
the North Star. There is no visible star at or near the celestial 
south pole 

The great circle PCD through the pole and the star or point C 
is called the hour circle of C, All hour circles are perpendicular to 
the equator, and if the arc PCD is extended on the sphere it passes 
through P\ 

The spherical angle ZPC at the pole, between the meridian and 
the hour circle, is called the hour angle of a star at C. It is measured 
from the meridian and is taken as positive toward the west (the 
direction of the apparent motion of the stars) and negative toward 
the east. Thus the hour angle ZPC m Fig. 27 is negative. The 
hour angle is equal to the angular measure of the arc QD on the 
equator. 

The hour angle is so named because, if ZPC= 15°, for example, 
one hour will elapse before PD will coincide with PQ in the apparent 
rotation of the celestial sphere about P, or before a star at C will 
appear on the meridian. Each star completes its apparent daily 
revolution about PP\ or about the pole, in 24 hours and thus 
appears to pass over an arc of its path on the sphere equal to 
360°-?- 24= 15° in each hour. Thus the total number of degrees in 
the hour angle divided by 15 gives the time before or after the star 
appears on the meridian. 
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The arc DC of the hour circle is the angular distance of C (star) 
from the equator and is called the decimation of C. The declina- 
tion is positive when C is north of the equator. 

The angular distance VD along the equator toward the east, 
from a certain point V on the equator, is called the ri^ht ascension 
of the star; it is equal to the spherical angle at the pole between 
the hour circle of C and that of The angle between the hour 
circles of two stars is therefore equal to the difference between 
their right ascensions. 

The point a fixed point on the equator; it is one of the two 
points where the equator meets the orbital plane of the earth 
(Art. 52). This plane meets the celestial sphere in a great circle 
which is called the ecliptic. The ecliptic is not shown in Kig. 27 
but V and A represent the points where it intersects the equator. 
The point V is called the vernal equinox and A the autumnal 
equinox^ but only V is used as a reference point on the equator 
and the ecliptic. 

The line joining AV passes through 0 and is the line of inter- 
section of the equatorial plane and the earth’s orbital plane. 
Since the axis PP^ is inclined to the orbital plane at an angle of 
66° 32' 52" (Art. 52), and is perpendicular to the equatorial plane, 
the dihedral angle between the equatorial and orbital planes is 
90°-66°32'52" = 23°27'8". The earth’s orbital plane, whose 
intersection with the celestial sphere is the ecliptic, is also called 
the ecliptic plane ^ and the angle between it and the equatorial 
plane is called the obliquity of the ecliptic (23° 27' 8"). 

From the definitions and explanations given above in connec- 
tion with Fig. 27 and the celestial sphere, it is seen that the celestial 
pole and equator correspond to the terrestrial pole and equator, 
and the hour circle of the vernal equinox corresponds to the prime 
meridian of the terrestrial sphere (Art. 52). Therefore, the declina- 
tion DC and the right ascension VD of a point C on the celestial 
sphere correspond to the latitude and longitude of a point on the 
terrestrial sphere, and are used in the same manner to locate points 
on the celestial sphere. 
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Similarly, the altitude TCand the azimuth NT or SWT^ referred 
to the horizon and meridian, are also used to locate points on the 
celestial sphere. 

The altitude and azimuth of a point, taken together, or the 
declination and right ascension taken together, are called the 
spherical or celestial coordinates of the point on the celestial sphere. 

The ecliptic and a great circle through the vernal equinox V 
and the poles of the ecliptic (not P, P' and not shown in Fig. 27) 
are also sometimes used as reference circles, and angular distances 
measured on these to locate a point on the celestial sphere are 
also spherical coordinates. These angular distances are called 
the celestial longitude and latitude^ respectively, but are not to be 
confused with the declination and right ascension referred to the 
equator and the vernal hour circle. In what follows, the celestial 
latitude and longitude will not be used. 

The instruments and methods of observation and measurement 
used to determine the positions and celestial coordinates of celestial 
objects are treated in books on spherical, practical, and nautical 
astronomy and to a certain extent in books on geodesy and navi- 
gation. The methods of computation and of solution of problems 
are the methods of spherical trigonometry, J 

59. The Astronomical Triangle, — The spherical triangle ZPC in 
Fig. 27 is called the astronomical triangle. Its vertices are the 
zenith Z, the pole P, and the celestial object (star) C, The sides 
are ZP the co-latitude (since the elevation of the pole NP is equal 
to the latitude of the observer), the zenith distance ZC of the star, 
and its polar distance PC. 

Fig. 27 is reproduced in part below as Fig. 28 and the astro- 
nomical triangle is lettered as in spherical trigonometry. 

Referring to Fig. 28, the following notation will be used, C 
being a celestial object, say a star: 

^^79 = right ascension of the star =a 
7^C= declination of the star =5 

(>7) = Z ZPC = hour angle of the star=/ 
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PC = polar distance of the star = p 

57'= azimuth = ISO^zhA^T 
T'C= altitude of the star =A 

ZC= zenith distance of the star =2 
(22 = A^P = latitude of the observer =0 


Z 



The sides and angles of the astronomical triangle are therefore 

ZP = co-latitude of observer = r =90° — 0, 

PC = polar distance of star =/> = 90° — 5, 

ZC= zenith distance of star = 2 =90° — A; 
ZPC=hour angle of star =/, 

PZC= azimuth of star 

ZCP = angle at the star = C. 

In using the astronomical triangle to solve practical problems 
the declination and right ascension (referred to equator and pole) 
are found in almanacs, and the altitude and azimuth (referred to 
the horizon and zenith) arc found by observation. The astro- 
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nomical triangle is used in the solution of a few problems of prac- 
tical and nautical astronomy in the last articles of this chapter. 

From the definition of the hour angle given in Art. 58 in con- 
nection with Fig. 27, a very simple relation exists between the 
hour angle / of the sun and the local time at any place. When / 
is the absolute value and the sun is 

West of meridian, time—^ p.m. 


East of meridian, time = 



A.M. 


60. Reduction of an Angle to the Horizon , — This is an operation 
which is often necessary when the angular distance of two objects 
in space or on the celestial sphere is 


measured and the objects are not on the 
same vertical circle or any other con- 
venient standard reference circle. 

Thus in Fig. 29, A' and 5' are the 
objects and 0 the point of observation. 

is then the measured angular dis- 
tance and h^AA'Olf is the plane angle 

equal to A'lf. OZ is the vertical at O 
and Z the zenith; AB is an arc of the 
horizon between the vertical circles AA^Z^ 
BB'Z through A' and B'; and H=ZAOB 


Z 



B 

Fig. 29. 


= spherical ZAZB^vlyc AB is the required angle. Let b be the 
elevations of A\ B\ 

In the spherical t^A'ZB\ A'B'^h, A'Z^90^-a, J5'Z=90°-/. 
are known, and Z A^ ZB' — Z AZB=^ H is required. Thus the three 
sides arc known and one angle is required. This is Case I, Art. 41, 
and the solution formulas used there are most convenient for the 
complete solution. When only one angle is desired, however, the 
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formula for cos is more conv^enient than that for tan - . This 
2 . 2 

is formula (13), Art. 21. In the notation of Fig. 29 it is 

, // sin 4(90°-«+90°-^+/;) sin \(,90°-a-\-90^-b-h) 

cos“ — = 

2 sin (90° — ^) sin (90° — ^) 

__sin [90°— sin [90°— \{a+b-\-h)] 
sin (90° — rf) sin (90° — ^) 

Let =Sy then — A) •= j — /; and 

o H sin [90° — {s — h)] sin [90° — j] cos {s — h) cos s 

— SST ■ ' ' ' ■■■■■ " SS "■ ' ■' • 

2 sin (90° — ^) sin (90° — /') cos a cos b 

H /cos {s — h) COSS ;; r 

/. cos -r = \ ; — = V cos (s — A) cos s sec a sec b, (28) 

2 ^ cos a cos b 

This formula gives the required horizontal projection H of the 

angular distance h in space be- 
tween two objects whose eleva- 
tions are a and by with j== 

61. Problem I. — To find the 
time of rising of a star {or the 
sun)^ given its declination and the 
latitude of the place of observation. 

Fig. 30 is a modification of 
Fig. 28. Here ACB is the appar- 
ent path of the star (or sun), a 
small circle parallel to the equator 
Q'EQy and C is the point where 
it rises, i.e., crosses the horizon NEH. DC =6 is the given declina- 
tion and NP = <t) is the latitude of the place of observation whose 
zenith is Z. The required time of rising (time to reach the 
meridian ZQS) is given by the hour angle ZPC. 
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In Fig. 30, therefore, spherical ACPN is right-angled at N; 
we have given 

A^P = latitude of the place =0, 

DC= declination of the star = 5, 

PC= polar distance =90°— 5; 

and it is required to find 

ZZP7) = hour angle of star =/. 

In right ACPN^ therefore, the hypotenuse and leg are given, 
and Z CPN is required. From Art. 32, 

COS Z NPT= — - ^ = tan NP cot PC. (29) 

tan PC 

But ZATC=180°-ZZPC, cos ZA"PC=-cos ZZPC, and hence 
(29) becomes 

— cos Z ZPC = tan NP cot PC; 

and here cot PC = cot p = cot (90°— 5) = tan d. 

.*. cos / = — tan 0 tan 8. (30) 

This is the required solution formula, and when / is found by 
using the given values of 0, 5, then by Art. 59 the time is at once 

found. If the object C is the sun, it rises at (>-11) A.M. 

62. Problem II. — To find where a star {or the sioi) will risCy 
given its declination and the latitude of the place of observation. 

Referring to Fig. 30, the data are the same as in Art. 61, and 
the same right ACPN is used. It is now required to find the 
point C where the star (or sun) crosses the horizon NSy and this 

is given by the azimuth NC=a. 
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In right ACPNy therefore, the hypotenuse and leg are given, 
and side NC is required. By Art. 32, in the notation of Fig. 30, 

sin/) = cos a cos 0. 


But p = 90®— 5, sin/) = sin (90®— 5) = cos 5, and hence 

cos 5 = cos a cos 0. 


cos^ = 


cos h 
cos 0 


(31) 


By means of this solution formula the required a is found at once 
from the given 6, 0. 

63. Problem III, — To find the latitude of a place^ given the time 
a 7 id the altitude and declination of a star as observed at that place. 

Referring to Fig. 28, for the place whose zenith is Z, we have 
given in this problem the hour Z ZPC=/= (the time) X 15®, the alti- 
tude of the star TC—hy and its declination and the latitude 

QZ=NP==<t> is required. 

In the astronomical triangle ZPC, therefore, are given Z ZPC=ty 
side ZC=z = 90®-A, side PC=/> = 90®-6; and side ZP = r = 
90®— 0 is required. This is Case V, Art. 46, given two sides and 
one opposite angky required one side. 

In the notation of Fig. 28, therefore, 


and 


sm/sinp 

sin a — : , 

sin 2 

c sin ^(a+t) tan l{p—z) 
2 sm 


(32) 


But sin/> = sin (90®— 5) = cos 5, sin z = sin (90® — A) = cos A, and 
/) — 2=(90®— 5) — (90° — A)=A— 5; and these values in (32) give 

sin t cos 5 


sin a = 


cos h ’ 


(33) 
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c 


tan - = 

2 


sin ^(a+/) 
sin 


tan 


(34) 


and finally 0 = 90°— 


(35) 


These are the solution formulas of the problem. With the 
given hour angle /, declination 6, and altitude A, the azimuth a is 
found by (33); a+t and a—t are now known, and these in (34) 


with A— 5 give <t> is then the complement of c (35). 

In using (34), / or ^ and A— 5 or 5— A are to be used so 


that tan ^ will have the proper sign, to determine c so that 0 will 


come out + or — in (35) according to the location of the place, 
north or south of the equator. 

It is to be noted that the solution of this problem also gives 
the azimuth (a) of the star at the time of the observation. 

64. Proble7n IV. — To find the thncy given the latitude ofi the place 
and the decimation and altitude of a star (or the smi). 

Referring to Fig. 28, for the place whose zenith is Z, we have 
given the latitude OZ = A^P = 0 of the place, and the declination 
DC=b and altitude TC=h of the star (or sun); and the hour 
Z ZPC=t is required to find the time when the observation is made. 

In the astronomical AZPCy therefore, are given ZP = 90° — 0 
= f, PC=90°-5=/), CZ=90°-A = 2; and ZZPC=t is required. 
This is Case I, Art. 41, three sides given, ojtc aizgle required. In- 
stead of the complete set of solution formulas which give all three 
angles, therefore, one of the sine or cosine formulas of (12) or (13) 
of Art. 21 is more suitable. We use here one of (12). In the 
notation of Fig. 28 


sin“ 


t 

o 


sin (j— j>) sin {s — c) 
sin^ sin c 


(36) 


In this Is — Z’^p+c 
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2j = (9O°~A)+/>+(9O®~0) 

= 180®~(A-;>+<^). 

/. s = 90® — - 2 ‘(A*- />+</>), 

j— /) = 90° — f (<^+^+A), 

s-‘C=^^{<i>+p-h). 

Therefore, sin {s~-p) = cos ^((l>+p+h) 
sin (j--r) = sin ^i<t>+p'-h) 

sin p== sin (90°— 5)=cos 6, 
sin r = sin (90°— 0) =cos 0. 

These values in (36) give 

. 2 t cos ^(</>+/>+^) sin 

sin -= : . 

2 cos <l) sin p 

. sin^ ^(<P+p+A) sin ^C^+p — A) 

2 ^ cos <t> sin p 

This is the required solution formula for the hour angle /, from 
which the time is found. In it, <t>y h are the given latitude and 
star (sun) altitude, and the zenith distance />==SK)°— 6 is the com- 
plement of the given declination. 

65. Problem V, — To locate a staVy given the latitude and the timey 
and the declination of the star. 

When the time is given the hour angle is known, and to locate 
a star for any observer is to determine its altitude and azimuth 
referred to his horizon and zenith. In Fig. 28, therefore, we have 
given the observer’s latitude QZ=^NP = <f>y the star declination 
DC=5, and hour AZPC—t; and it is required to find its altitude 
TC=h and azimuth NT==a, 

In the astronomical AZPC, therefore, there are given side 
ZP = 90° - « = r, side PC= 90° - 5 =/>, Z ZPC = /,• and the side CZ= 
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90°— A = z and APZC^a are required. This is Case III, Art. 43, 
given two sides and included angle^ but only one other side and 
angle are required, and not the complete solution. Instead of the 
complete solution formulas of Art. 43, therefore, the haversine 
formula (17) of Art. 44 and one of the sine proportions (4) of 
Art. 18 may be used. 

In the notation of the astronomical triangle. Fig. 28, these are 
hav 2 = hav(/)-“^-)+sin/) sin c hav /, (38) 


and 


sin a sin z 
sin/) sin P 


or 


sin p sin z 

sin a — : . 

sin / 


(39) 


Bu t ;> = 90° - 5, c = 90® - </) ; hence /> - c = (90° ~ 6) - (90° - 0) = 
0—5, sin/) = cos 5, sin c = cos 0; and these values in (38), (39) give 

hav 2 = hav (0 — 5)+ cos 0 cos 5 hav /, (40) 

cos 5 sin z . , 

sin a = : = cos 5 sin 2 esc /. (41) 

sin / 


These are the required solution formulas. By using the given 
latitude 0, declination 5, hour angle t (time) in (40), side 2 is 
found immediately; and this value of 2 in (41) with 5,/ give the 
azimuth a at once. The required altitude is A = 90°— 2. 

In using (40), it is to be noted that the quantity (2 = 
cos 0 cos 5 hav /, using cosines instead of the sines in (18), Art. 44. 


Exercises 

1. The sun's declination on July 4, 1881, was 22° 52' 1". At what time did the 
sun rise in latitude 40° 36' 24"? 

2. If the latitude of New York City is taken as 40° 42' where will the star 
Arcturus rise on the horizon on a day when its declination is 19° 57' N? (This is the 
star whose rays were used to turn on the lights of the Chicago World’s Fair in 1933.) 



ELEMENTS OF SPHERIC JL TRIGONOMETRr 


130 

3. On a certain day the declination of a s»tar is 7° 54', and at 3 ; 2 : 28 p.m. 
local time (hour angle, -+-45® 42') the altitude of the star is measured and found to 
be 22° 45' 12". Find the latitude of the place. 

4. At a place in latitude 40° 36' 24" iV, when the almanac showed the declina- 
tion of a certain star to be 23° 4' 24.3", its altitude was measured as 47° 15' 18". 
Find the local time. 

5. Where will a New York observer (40° 42' N) find the star Regulus when it is 
3 hours east of the meridian (/= —45°), on a day when its declination is 16° 3' N? 

6. Find the time of sunrise in latitude 40° 43' 48" N on the longest day of the 
year, the sun’s declination (its greatest) being 23° 27' N. 

7. Find the length of the longest day of the year in north latitude 42° 16' 48". 

8. Find the length of the shortest day of the year in north latitude 40° 29' 52", 
the sun being on that day its farthest south of the equator (declination 23° 27' S). 

9. Find the time of sunset in latitude 39° 6' N on the w'lnter day when the sun’s 
declination is 15° 56' 5. 

10. The great circle distance between Paris and Berlin is 472 nautical miles. 
The latitude of Paris is 48° 50' 13" N; Berlin, 52° 30' 16" N. When it is noon at 
Paris, w'hat time is it at Berlin (exact local time). 

11. Find the latitude of the place at which the sun rises exactly in the northeast 
on the longest day of the year. 

12. At a place where the elevation of the north pole is 45°, the azimuth of a 
certain star on the horizon is 45° from the north. What is the polar distance of the 
star? 

13. The oblique angle in space between the tops of two mountain peaks is 
20° 45'; and their elevations are 15° 20' and 22° 16'. What is the horizontal angle 
between the peaks at the point of observation. 

14. The angular distance between two planets is 30° when their elevations are 
32° and 40°, What is the difference of their azimuths? 
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ANSWERS TO EXERCISES 


1. « = 118° 46' 6" 
^ = 41^ 42' 42" 
a=lir 7' 12". 
-52" 41' 42" 
= 65” 19' 15" 
= 69" 55' 20". 
= 36° 27' 

= 43° 32' 31" 
= 57° 59' 19". 
= 86° 40' 

= 32° 40' 

= 88° ir 58". 


= 54° 20' 

= 46° 59' 43" 

= 57° 5r 19", 
= 87° ir40" 

= 88° 11' 58" 

= 32° 42' 39". 
= 59° 4' 26" 

= 63° 15' 13" 

— 44 " 26 ' 22 ". 
= 63° 55' 43" 

= 105° 44' 21" 
= 147° 19' 47", 
= 51° 53' 

= 27° 28' 38" 

= 73° 27' 11". 
= 19° 17' 

= 37° .36' 49" 
= 54° 49' 23". 


Article 31, Page 65 

5. fl = 50° 

^ = 56° 50' 49" 

^^ = 63° 25' 4". 

6. rt = 50° 

^=127° 4' 30" 
^=120° 3' 50". 

7. rt = 26° 27' 24" 

^ = 39° 57' 42" 

/3 = 62 ° 0 ' 4 ". 

8 . rt = 136° 15' 32" 

^ = 48° 23' 38" 
it^ = 58° 27' 4". 

Article 37, Page 69 

7 . ^ = 32 ° 41 ' 

«=49° 20' 16" 

/^ = 50° 19' 16". 

8 . ^ = 79° 13' 38" 
«=131° 43' 50" 

^ = 81° 58' 53". 

9. ^ = 28° 14' 31" 
f = 78° 53' 20" 

(3 = 2S^ 49' 57". 
^'=151° 45' 29" 
r'=101° 6' 40" 

/3' = 151° 10' 3". 

10. Impossible. 

11. ^=49° 59' 58" 
r = 91° 47' 40" 

« = 92° 8' 23". 

12. i^ = 0° 27' 10" 
f = 2° 3' 56" 

a = 77° 20' 28". 
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9. ^ = 67° 6' 53" 

3 = 155° 46' 43" 
/3=153° 28' 24". 

10. a = 54° 41' 35" 

3 = 104° 21' 28" 
« = 55° 32' 45". 

11. ^ = 34° 6' 13" 

3 = 87° 32' 40" 

/^ = 88°37'42". 

12. a = 37° 40' 12" 

3 = 0° 26' 36" 

« = 89° 25' 32". 


13. 3=15° 16' 50" 
r = 25° 14' 38" 
a =54° 35' 17". 

14. 3 = 30° 8' 39" 
r = 59° 51' 21" 

« = 70° 17' 35". 

15. ^ = 50°0' 4" 
3=143° 5' 12" 
r=120° 55' 34". 

16. rt=120° 10' 3" 
3=119° 59' 46" 
f = 75° 26' 58". 

17. ^ = 36° 27' 

3 = 43° 32' 30" 
r = 54° 20'. 

18. rt = 90° 

3 = 88° 24' 35" 
c = 90°. 
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19. ^ = 72° 2' 48" 
a==v'4'' 15' 

/^ = 80° 0' ^h". 

20. tf=103^ 28' 6" 

a = 50' 30" 

17' 42". 

21. rf-25" 12' 48" 
^=52° 0' 45" 
c = 5b° 9' 36". 

22. tf=13r 7' 
^=103° 24' 30" 
f=8r 13' 42". 

23. r = 78" 35' 18" 
a =44° 26' 

/3 = 79° 1'24". 

24. f = 88°33'30" 
a = 99° 53' 48" 

/i = 98M2' 30". 

25. a^47' 49' 30" 
r = 74° 27' 36" 

/i = 72" 7' 30". 

26. ^=161° 3' 12" 
r=149° 15' 

a = 54° 45' 36". 

27. /> = 53° 41' 54" 
a = 46° 52' 15" 

/a = 64° 24'. 

28. ^=23° 57' 

c = 72° r 15" 

/3 = 25° 15' 42". 
^'=156° 3' 
f' = 107° 58' 45" 
/3'=154°44' 18". 


29. rf=20° 46' 

r = 36°21'36" 

^ = 58° 59' 42". 

30. fl=29° 5' 36" 

^ = 69° 29' 

tJ = 79^ 41' 15". 

31. fl=121°2V 36" 

/^ = 29° 11' 
r=117° 3'. 

32. r=107°50'12" 
a =30° 23' 6" 

/i = 100° 10' 54". 

33. .i = 126°45' 54" 

>^ = 167 ’ 45' 12" 
« = 99° 0' 18". 

34. ^ = 66° 43' 30" 
t-72^ 25' 

a = 42- 32' 42". 

35. 27^ 8' 6" 

^ = 68' 49' 

/:{ = 72° 49' 48". 

36. rf = 35M'24" 

^ = 54^ 42' 
4=61° 46' 36". 

37. rt = 66° 14' 6" 
a = 82°45' 45" 

^i = 161° 46' 54". 

38. 4 = 67° 2' 48" 
a=110° 39' 42" 
^=135° 57' 42". 


39. ./ = 166° 29' 30" 
^=131° 1'42" 
a=l62° 20' 6". 

40. « = 39° 43' 54" 
c=40^ 48' 6" 
a = 78° 0' 42". 
rf'=140° 16' 6" 
4 '= 139° ir 54" 
a' = 101° 59' 18". 

41. /i = 150° 26' 12" 

^ = 94° 43' 30" 

^ = 99° 36' 36". 

42. ^=108° 51' 6" 
«=123°30' 45" 

= 102° 4' 42". 

43. a = 142° 15' 12" 
,i-117’50' 15" 

- 1 1 1 ' 40' 6". 

44. /v-56° 36" 

a = 116 46' 24" 
/^ = 53" 36' 54". 

45. ^ = 14° 6' 12" 
/i=13" 25' 18" 

7 = 72° 17' 30". 
^' = 165° 43' 48" 
^' = 166° 34' 42" 
7 '= 107° 42' 30". 



ANSWERS TO EXERCISES 
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No 

a 

& 

*> 

lx. 

a 


7 

1. 

116° 41' 50" 

63° 15' 10" 

91° 7' 22" 

10. 

138° IS' 45" 

31° 11' 14" 

35° 49' 58" 

2. 

59° 4' 2«" 

9 1° 23' 1 

120° 4' 52" 

I 

128° 44' 4S" 

33° 11' 12" 

18° 15' 31" 

3. 

112° 1 1' 21" 

110° 10' 40" 

99° 42' 24" 

12. 

110° 51' 16" 

48° 56' 4" 

38° 26' 48" 

4. 

20° 9' 55" 

55° 52' 35" 

114° 20' 21" 

13. 

142° 11' 38" 

120° 15' 57" 

113° 28' 2" 

5. 

127° 22' 7" 

51° 18' 12" 

72° 26' 40" 

14. 

121° 36' 20" 

42° 15' 13" 

34° 15' 3" 

6. 

1 20° .V 36" 

46° 1 7' 1 2" 

11° 38' 6" 

IS. 

47° 51' 50" 

123° 53' 48" 

57° 46' 56" 

7. 

1 20° 2' 36" 

74° 1' 36" 

98° 13' 36" 

! 16. 

113° 18' 34" 

111° 3' 18" 

131° 29' 32" 

8. 

95° 50' 0" 

48° 17' 0" 

39° 37' 30" 

1 17. 

26° 34' 55" 

52° 7' 48" 

125° 7' 57" 

9. 

145° 16' 0" 

136° 19' 12" 

1 32° 41' 0" 

i 18. 

1 

1 

83° 12' 10" 

1 114° 30' 0" 

123° 20' 32" 
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No 

a 

h 

. C 

No. 

a 

b 

C 

1. 

135° 19' 20" 

144° 37' IS" 

60° 4' 5 1" 

7. 

31° 9' 13" 

84° 18' 28" 

115° 10' 0" 

2. 

67° 25' 35" 

143' 44' 46" 

1 32° 10' 26" 

8. 

139° 21' 22" 

126° 57' 52" 

56° 51' 48" 

3. 

89° 16' 5 3" 

52° 39' 5" 

112*^ 22' 59" 

9. 

83° 52' 36" 

115° 55' 0" 

137° 18' 48 ' 

4. 

125‘ 19' SO" 

62° 51' 16" 

1 31° 23' 32" 

10. 

119° 50' 24" 

81° 20' 12" 

86° 46' 48" 

5. 

51° 17' 31" 

61° 2' 47" 

51° 17' 31" 

11. 

61° 47' 12" 

61° 47' 24" 

48° 3' 24" 

6. 

104° 25' 9" 

53° 49' 2S" 

97° 44' 19" 

12. 

98° 4 1' 48" 

83° 25' 0" * 

75° 23' 12" 
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^NSIFERS ro EXERCISES 


1. /3=135° 5' 29" 

7 = 50° 30^ 8" 
tf = 69° 34' 56". 

2. /3 = 95° 38' 4" 

7 = 97° 26' 29" 

/* = 64°23'15". 

' =56° 16' 15" 

= 45° 4' 41" 

= 96° 20' 44". 
= 130° 5' 22" 
= 32° 26' 6" 

= 51° 6' 12". 

= 70° 39' 3" 

= 48° 35' 59" 
= 112° 23' 2". 
= 90° 43' 7" 

= 67° 37' 1" 

= 131° 24' 0". 
= 116° 9' 6" 

= 35° 46' 15" 
= 51° 2' 24". 

= 63° 15' 11" 
= 132° 17' 58" 
f=59° 4' 17". 


Article 45, Page 83 

9. « = 129° 58' 2" 

/i = 63° 15' 8" 
r = 55° 52' 40". 

10. /i=88° 12' 24" 
7=55° 52' 42" 

^* = 50° 1'40". 

11. /i = 56° ir57" 

7 = 12^^° 21' 12" 

a = 6r ir47". 

12. a=98° 56' 

/^ = 66° 18' 
f=103° 30' 36". 

13. a = 120° 30' 30" 
r=70° 20' 20" 

/3 = 5()0 10' 10". 

14. .; = 99° 40' 48" 
f=100° 49' 30" 

/^ = 65° 33' 10".* 

15. rt = 84° 14' 29" 
^=44° 13' 45" 
7=36° 45' 28". 

16. fl = 104° 34' 28" 

^ = 55° 25' 32" 

7 = 124° 42' 0". 


17. 

a 

= 63° 

39' 58" 


b 

It 

0 

0' 52" 


7 

= 42° 

30' 55". 

18. 

a 

= 70° 

20' 50" 


b 

e 

00 

II 

27' 59" 


7 

= 52° 

30' 20". 

19. 

a 

= 37° 

14' 10" 


b 

= 121 

° 28' 10" 


7 

= 161 

° 22' 11". 

20. 

a 

= 125 

° 41' 43" 


b 

= 82° 

47' 34" 


7 

= 127 

° 22' 0". 

21. 

b 

= 152' 

° 43' 51" 


C 

c 

OC 

00 

11 

12' 21" 


OL 

0 

OC 

II 

15' 48". 

22. 

a 

= 128 

° 41' 46" 


c 

= 107 

° 33' 20" 


ft 

= 55° 

47' 40". 

23. 

b 

= 145 

° 55' 12" 


c 

= 119 

° 22' 30" 


a 

= 80° 

15' 0". 

24. 

a 

= 37° 

58' 54" 


b 

= 11° 

52' 54" 


y 

=29° 

13' 24". 



ANSPf^ERS TO EXERCISES 


H3 


1. ^J = 36° 29' 46" 
7 - 51 ° 37' 56" 
^-43° 7' 14". 

2. /?=116° 42' 30" 
7 = 116 ° 47' 
r=120° 57' 27". 

3. ^-120° 47' 45" 
7 = 97° 42' 55" 
r = 55°42' 8" 

/j'-59° 12' 15" 
7 /^ 29 ° 8' 39" 
<r'-23° 57' 17" 

4. ^ = 90° 

7 -45° 44' 5" 
f = 45" 12' 19". 

5. Impossible. 

6. rf-47° 8' 40" 
rt = 98° 53' 24" 

7 = 27° 52' 54". 

7. rt=15r45' 12" 
«=152° 2' 12" 

7 = 72° 49' 15". 

8. « = 65° .V3' 10" 

/^ = 97 ° 26 ' 29 " 

100° 49' 30". 
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9. tf = 153°38' 42" 
a =160° r24" 

7 = 42° 37' 18". 

«' = 90° S' 41" 
a' = 50‘^ 18' 55" 

7 ' -137° 22' 42". 

10. Impossible. 

11. r= 100° 49' 28" 

/i = 65° 33' 9" 

7 = 97° 26' 26". 

12 . f = 95° 18' 17" 

^ = 57° 34' 51" 

7 = 115° 57' 51". 
f' = 28°45' 5" 

/i' — 122° 25' 9" 

7' = 25°44'32". 

13. ^=155° 5' 18" 
r=33° V 37" 

7 = 70° 20' 40". 

14. /» = 124° 7' 20" 
r=159° 50' 15" 
7=159° 43' 34". 

15. ^ = 90° 

f = 147°41' 50" 

^ = 148° 5' 40". 

16. Impossible. 

17. /J» = 51° 17' 54" 
r = 41°4' 42" 
7 - 36 ° 38' 48". 


18. ^ = 54° 36' 48" 
f=147° 36' 54" 
7=139° 39' 6 ". 
^' = 125° 23' 12" 
f' = 6 ° 51' 6" 

7 ' = 9° 17' 36". 

19. ^=114° 26' 50" 
f = 82° 33' 31" 

7 = 79° 10' 30". 

20. ^ = 36° 5' 34" 
f = 50° 24' 57" 

7 = 70° 55' 35". 

21. a = 42° 37' 18" 
^r=129° 41' 5" 
7 - 89 ° 54' 19". 
rt' = 137^ 22' 42" 
f'=19° 58' 36" 
7 ' = 26 " 21 ' 18". 

22. Imposwsible. 

23. /^ = 63°39' 58" 
,-=41=9' 46" 

7 = 42° 30' 55". 

24. i^ = 80° 19' 9" 

f = 120° 48' 5" 
7 = 131 ° 29' 53" 
^.' = 99° 40' 51" 
r'=151°27' 3" 
7 '= 155° 22' 19", 
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ANSPFERS TO EXERCISES 


Article 51, Page 96 


4. 3r. 

12. 138°ir23". 

20. 3.46a*. 

\ ** / 

13. cos £=}. 

21. 20.646a*. 

6. 6+4(V2+V'6). 

14. 0. 

22. 8.6603a*. 

7. V9n. 

15. 

23. 7'=0.1179a®. 

8. £=70“ 31' 43". 

16. -iVs. 

24. a*. 

9. 90“. 

17. — Jv/i. 

25. 0.4714a*. 

10. 109“ 28' 16". 

18. S= 1.7321^2. 

26. 7.6637a*. 

11. 116“ 33' 54". 

19. 6a-. 

27. 2.1817a*. 


Article 57, Page 115 

1. 69® 48' =4774 land mi. 

2. 52° 27' =^362^ land mi. 

4. (a) 56® 59'. W 51° 27' N, 5® 50' /F. (f) 28° 42'; 1722 mi. 

5. D=74® 31'=4470mi. 

6. Course from Vancouver, S 50° 17' JV; Honolulu, N 32° 3' E; vertex (60° 22' 
Ny 80® 41' fV); distance, 2698 miles. 

7. ^ = 116® 58'=7018 naut. mi. 

8. Difference = 2r[X cos 0— sin"*' (cos cos X)]. 

9. A' = 527783000 sq. meters. 

10. A = 527784000 sq. meters. 

11. Plane area 9,976,500; spherical area 13,316,560 sq. naut. miles. 

Article 65, Page 129 

1. /=111® 11'44" = 7:24:47a.m. 

2. = 63® 15' 11" from North. 

3. 0 = 67® 58' 54" A^. 

4. /=+46® 40' 5" = 3:6:40 p.m. 

5. Azimuth = 27° 18' 40" E from S; altitude=44° 10' 33". 

6. 4:32:16 a.m. 

7. 15 hr. 5 min. 50 sec. 

9. 5:6:0 P.M. 

10. 12:44 P.M. 

11. 0 = 55® 45' 6"N. 

12. 60®. 








